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ABSTRACT

Randomized search heuristics such as evolutionary algorithms are
frequently applied to dynamic combinatorial optimization prob-
lems. Within this paper, we present a dynamic model of the classic
Weighted Vertex Cover problem and analyze the performances
of the two well-studied algorithms Randomized Local Search and
(1+1) EA for it, to contribute to the theoretical understanding of
evolutionary computing for problems with dynamic changes. In
our investigations, we use an edge-based representation based on
the dual formulation of the problem and study the expected run-
times that the two algorithms require to maintain a 2-approximate
solution when the given weighted graph is modified by an edge-
editing or weight-editing operation. Considering the weights on
the vertices may be exponentially large with respect to the size
of the graph, the step size adaption strategy is incorporated. Our
results show that both algorithms can recompute 2-approximate
solutions for the studied dynamic changes efficiently.
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1 INTRODUCTION

Over the past decades, randomized search heuristics such as evolu-
tionary algorithms and ant colony optimization have been applied
successfully in various areas, including engineering and economics.
To understand well the behaviors of evolutionary algorithms, many
theoretical techniques for analyzing their expected runtimes are
presented [1, 10, 16]. And using these techniques, evolutionary
algorithms designed for some classic combinatorial optimization
problems have been studied. In particular, the Vertex Cover problem
plays a crucial role in the area [6, 8, 11, 15, 20].
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Given an instance of a considered combinatorial optimization
problem, and a solution (optimal or approximated) to the instance.
If an operation on the instance results in a new instance, which is
not very “far away” from the original one (the “distance” between
the two instances depends on the operation), then an interesting
problem arises: is the solution to the new instance “far away” from
the original solution? In other words, how much runtime does a
specific algorithm take to get the target solution starting with the
original one? This setting is referred as dynamic combinatorial
optimization problems.

Studying the performances of evolutionary algorithms for dy-
namic combinatorial optimization problems is an emerging field
[7, 14, 17, 19, 21]. Within this paper, we present a dynamic model
of the Weighted Vertex Cover problem (WVC), which is named
Dynamic Weighted Vertex Cover problem (DWVC). Our goal is to
analyze the behaviors of the well-studied algorithms Randomized
Local Search (RLS) and (1+1) EA designed for it. Specifically, we
study the expected runtimes (the expected number of fitness eval-
uations) they need to recompute a 2-approximate solution when
the given weighted graph is edited by a graph-editing operation,
starting with a 2-approximate solution to the original graph.

For the Vertex Cover problem, it is well-known that under the
unique games conjecture [12], there does not exist an approxima-
tion algorithm with a constant ratio r < 2, unless P = NP [13]. The
best-known 2-approximation algorithm for the Vertex Cover prob-
lem is based on the maximal matching: construct a maximal match-
ing by greedily adding edges, then let the vertex cover contain both
endpoints of each edge in the matching. For WVC, Hochbaum [9]
presented the best-known approximation algorithm, who showed
that a 2-approximate solution can be found by using the Linear
Programming (LP) result of the Fractional WVC. Du et al. [5] found
that a maximal solution to the dual form [22] of the LP formula-
tion (simply called dual formulation) for the Fractional WVC also
directly induces a 2-approximate solution. Using this conclusion,
Bar-Yehuda and Evan [2] presented a linear-time 2-approximation
algorithm for WVC. The essential difference between (the primal
form of) the LP formulation and the dual formulation for the Frac-
tional WVC is: the LP formulation considers the problem from the
perspective of vertices; the dual formulation considers that from
the perspective of edges.

Pourhassan et al. [19] presented a dynamic model of the Ver-
tex Cover problem, in which the graph editing operator adds (or
removes) exactly one edge into (or from) the given unweighted
graph, and analyzed evolutionary algorithms with respect to their
abilities to maintain a 2-approximate solution (i.e., a maximal match-
ing). They examined different variants (node-based representation
and edge-based representation) of RLS and (1+1) EA. If using the
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node-based representation, they gave classes of instances where
both algorithms behave badly (the two algorithms cannot get the
2-approximate solution in polynomial time with high probability).
If using the edge-based representation, they showed that RLS and
(1+1) EA can maintain 2-approximations easily if the algorithms
start with a maximal matching of the original unweighted graph
and use the fitness function given by Jansen et al. [11], which pe-
nalizes edges sharing vertices (RLS can maintain the quality of the
solution in linear time O(m) when an edge is added or deleted; (1+1)
EA can maintain the quality of the solution in linear time O(m)
when an edge is added).

Inspired by the work of Pourhassan et al. [19] and the essential
difference between the LP formulation and dual formulation for
the Fractional WVC, we utilize the dual formulation to analyze
DWVC. Thus DWVC studied in this paper, is formulated as: given
a weighted graph G = (V,E, W) and a maximal solution to the
dual formulation of the Fractional WVC on G, the goal is to find a
maximal solution to the dual formulation of the Fractional WVC
on the weighted graph G* = (V*, E*, W*), where G* is obtained by
one of the following four graph-editing operations on G: (1) add a
new edge-set ET into E; (2) remove an edge-subset E~ from E; (3)
increase the weights on the vertices in V* C V; (4) decrease the
weights on the vertices in V~ C V. To study the influences of the
graph-editing operations on the performances of the algorithms, we
denote the exact sizes of E*, E~, V*, and V™ by variable D € IN*.

Recently Pourhassan et al. [18] studied WVC using the dual
formulation for the Fractional WVC. Considering the weights on
the vertices may be exponentially large with respect to the size of
the weighted graph, they incorporated the Step Size Adaption strat-
egy [3] into their (1+1) EA (see Algorithm 4 in their paper). However,
their (1+1) EA was shown to take exponential expected runtime
with high probability to get a 2-approximate solution. There are two
reasons for the long runtime of their algorithm. First, for a mutation
M constructed by their (1+1) EA, there may exist two edges selected
by M whose weights are increased and decreased respectively. The
randomness leads to the relatively small probability for M to be
accepted. Second, for a mutation M that is rejected by their (1+1)
EA, the step sizes of all the edges selected by M would be decreased.
Because of the two reasons, the step sizes of the edges cannot be
increased enough to overcome the exponentially large weights on
the vertices. That means, the step size adaptation strategy is nearly
invalid for their (1+1) EA.

Drawing on the experience of Pourhassan et al. [18], we give two
algorithms (1+1) EA and RLS for DWVC, with step size adaption
as well. The two algorithms employ a novel way to prevent the
invalidation of the step size adaption strategy that happens in
the algorithm of [18]. We show that the (1+1) EA and RLS take
expected runtime O(am logi (D - Wiax)) to solve the four versions
of DWVC, where m denotes the number of edges in G*, Wyqx > 1
denotes the maximum weight that the vertices in G and G* have,
and @ € IN* denotes the increasing/decreasing rate of the step size
(i.e., the increment of the weight on each edge can be exponentially
increased by multiplying «, or decreased by multiplying 1/).

The rest of the paper is structured as follows. We start by giving
related definitions and the problem formulations in Section 2. Then
we present the (1+1) EA and RLS for DWVC in Section 3, and
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analyze their expected runtimes in Section 4. Finally conclusions
are presented in Section 5.

2 PRELIMINARIES

Given a weighted graph G = (V,E, W) with a vertex-set V =
{v1,...,vn}, an edge-set E = {eq, ..., en}, and a weight function
W : V. — IN*. For any vertex v € V, denote by Ng(v) the set
containing all neighbors of v in G, and by Eg (v) the set containing
all edges incident to v in G. For any vertex-subset V' C V, let
Ec (V') = Uypev EG(v). For any edge e € E, denote by Eg(e) the
set containing all edges in G that have a common endpoint with e.
For any edge-subset E’ C E, let EG(E’) = Ueecpr Eg(e) \ E'.

A vertex-subset V. C V is a vertex cover of G if for each edge
e € E, where e can be represented by its two endpoints v and v’ as
[v,07], at least one of v and v’ is in V,. The weight of V; is defined
as the sum of the weights on all vertices in V¢, written 3, ey, W (v).
The Weighted Vertex Cover problem (WVC) on the weighted graph
G asks for a vertex cover of G with the minimum weight.

Using the node-based representation (i.e. the search space is
{0,1}" and for any solution x = xj ...xp the node v; is chosen
iff x; = 1), the Integer Linear Programming (ILP) formulation for
WVC is given as follows.

n
min Z W (v;) - x;
i=1

st. xi+xj =1 V[Z),',Z)j]GE
xj €{0,1} i=1,...,n

By relaxing the constraint x; € {0, 1} to x; € [0, 1], the Linear
Programming (LP) formulation for the Fractional WVC is obtained.
Hochbaum [9] showed that a 2-approximate solution can be found
by using the LP result of the Fractional WVC — include all vertices
v; for which x; > % The dual form of the LP formulation (or called
dual formulation) for the Fractional WVC is given as follows, where
Y : E > R* U {0} denotes a weight assignment on the edges.

max Z Y(e)
ecE
st. Z Y(e) <W(v) YveV

ecEg(v)

The weight assignment Y is called a dual-solution of G in the
paper. Vertex v € V satisfies the dual-LP constraint with respect to
the dual-solution Y if 3 ccg;(0) Y(e) < W(v). Edge e € E satisfies
the dual-LP constraint with respect to Y if both its endpoints satisfy
the dual-LP constraint with respect to Y. The dual-solution Y of
G is feasible if all vertices in G satisfy the dual-LP constraint with
respect to Y, otherwise, infeasible. Vertex v € V is tight with respect
to Yif ¥ .cps(0) Y(e) = W(v), and edge e € E is tight with respect
to Y if at least one of its two endpoints is tight with respect to Y.

Given a dual-solution Y of G, denote by V5(Y) the set containing
all vertices in G that do not satisfy the dual-LP constraint with
respect to Y, and by Eg(Y) the set containing all edges in G that
are incident to v € Vg(Y).

A maximal feasible dual-solution (MFDS) of G is a feasible dual-
solution such that none of the edges can be assigned with a larger
weight under the dual-LP constraint. For any MFDS Y of G, it
induces a vertex cover of G with ratio 2 directly, which contains all
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tight vertices with respect to Y (a formal proof about the ratio can
be found in Theorem 8.4 of [5]).

Four versions of DWVC are studied in this paper. They are all
given a weighted graph G = (V,E, W), an MFDS Yy of G, and
a graph-editing operation. Their aims are to find an MFDS of G¥,
where G* is the weighted graph obtained by the corresponding
operation on G. Due to the space limit, their full formulations are
not given, only the corresponding graph-editing operations.

(1) DWVC-E™: add a new edge-set E* into E;

(2) DWVC-E": remove an edge-subset E~ from E;

(3) DWVC-W™: increase the weights on the vertices
inVt CV (ie, W (v) > W(v) foreachv € VT,
and W*(v) = W(v) for each vertex v € V \ V1),

(4) DWVC-W™: decrease the weights on the vertices
inV-CV(ie, W (v) < W(v) foreachv e V7,
and W~ (v) = W(v) for each vertex v € V\ V7).

3 ADAPTIVE (1+1) EA AND RLS

Given two weighted graphs G = (V,E, W) and G* = (V*,E*, W™),
where G* is obtained by one of the four graph-editing operations on
G. We study the runtimes that the (1+1) EA and RLS considered in
the paper need to find an MFDS of G*, starting with a given MFDS
Yorig of G (not from scratch). The general idea of the (1+1) EA and
RLS is: if the given MFDS Yoyig of G is also a feasible dual-solution
of G*, then the two algorithms directly increase the weights on
the edges in G* until the weight on any edge cannot be assigned
with a larger value under the dual-LP constraint (i.e, an MFDS of
G* is found if the claimed condition is met); otherwise, they first
decrease the weights on the edges in Eg+(Yorig), aiming to get a
feasible dual-solution Y; of G* as soon as possible (because only
the vertices in ViG+ (Yorig) do not satisfy the dual-LP constraint with
respect to Yorig), then increase the weights on the edges in G* to get
an MFDS based on Y;. Thus we give a sign function below, written
sign(Y), to judge whether the considered solution Y is a feasible
dual-solution of G*. According to sign(Y), the two algorithms know
what they should do at the next step, increasing or decreasing the
weights on the edges.

. -1 if V(YY) £ 0
sign(Y) = { 1 otherwise
Note that for any mutation generated by the two algorithms,

the weights on the edges selected by the mutation are either all
increased or all decreased. Thus we always have that

sign(Y) - Z (Y'(e) = Y(e)) > 0,
e€E*

where Y is the dual-solution obtained by a mutation M on Y. Con-
sequently, the function f(Y’,Y) comparing the fitness of Y’ and Y
is only required to pay more attention to the feasibilities of Y and
Y’, and the edges whose weights are changed by the mutation M:
f(Y’,Y) > 0if Y’ is not worse than Y; f(Y’,Y) < 0 otherwise.

FOY) = 2B Wi - (sign(Y) = 1) - > (Y(e) = Y'(e))
e€E*\Eg+(Y)
+ (sign(Y’) — sign(Y))

As the general idea of the two algorithms given above, if Y is
a feasible dual-solution of G*, then the two algorithms directly
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Algorithm 1: (1+1) EA

1 Initialize Y and o ;

2 Determine sign(Y) ;

3 while the termination not satisfied do
4 Y :=YandI:=0;

5 for each edge e € E* do

6 with probability 1/m do
7 Y’ (e) := max{Y(e) + o(e) - sign(Y),0} ;
8 B I:=1U{e};

9 Determine sign(Y’) and f(Y’,Y);
10 if f(Y’,Y) > 0 then

11 Y:=Y;

12 o(e):=a-o(e)foralleel;

13 else

14 if sign(Y) > 0 then

15 Let I’ be the subset of I such that each edge e € I’

has an endpoint that violates the dual-LP
constraint in Y”, and no other edge in I shares the
endpoint with e ;

a(e)

o ,1}foralle e I’;;

16 and o (e) := max{

increase the weights on the edges, aiming to get an offspring Y’
of Y that is a feasible dual-solution of G* such that Y ,cp+ Y'(e) >
> ecg* Y(e). Thus, if Y’ is infeasible, then let

FY',Y) =sign(Y’) —sign(Y) = -2 <0,
otherwise,
FY',Y) = sign(Y’) — sign(Y) =0 .

If Y is an infeasible dual-solution of G*, then they decrease the
weights on the edges firstly, aiming to get a feasible dual-solution
of G*. Remark that the edges in E* \ Eg+(Y) satisfy the dual-LP
constraint with respect to Y, so the weights on these edges do not
need to be decreased. Thus the first term of f(Y’,Y),

20" Wnax - (sign(¥) = 1) > (Y(©)=Y'(e)) .
e€E*\Eg+(Y)

penalizes the mutation that decreases the weights on the edges in
E* \ Eg+(Y), which hence guides the mutation to decrease only
the weights on the edges in Eg+(Y) (if we do not restrict that the
weights on the edges in E* \ Eg«(Y) cannot be decreased, then the
feasible dual-solution we get may be further away from the MFDS
of G*). Once a feasible dual-solution Y’ is found by a mutation on
the unfeasible dual-solution Y, then

fY',Y) =sign(Y') —sign(Y)=22>0.

The two algorithms for DWVC, (1+1) EA and RLS, are given in
Algorithm 1 and 2 respectively. They run in a similar way, except
the mechanism selecting edges for mutation. The (1+1) EA selects
each edge in E* with probability 1/m at each iteration (m = |E*|),
resulting an edge-subset I containing all selected edges (see step 8
of the (1+1) EA), and increases (or decreases) the weights on the
edges in I. RLS differs from the (1+1) EA by selecting exactly one
edge in e € E* in each round.
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Algorithm 2: RLS

1 Initialize Y and o;
2 Determine sign(Y);
3 while the termination not satisfied do

4 Y =Y,

5 Choose an edge e € E* uniformly at random ;
6 Y’ (e) := max{Y'(e) + o (e) - sign(Y),0} ;

7 Determine sign(Y’) and f(Y',Y);

8 if f(Y’,Y) > 0 then

9 ‘ Y:=Y ando(e) :==a-a(e);

10 else

11 L if sign(Y) > 0 then

ale)

12 o(e) := max{—~>,1};

To deal with the case that the weights on the vertices are expo-
nentially large with respect to the size of the graph, the Step Size
Adaption strategy [3] is incorporated into the two algorithms (see
steps 10-16 of the (1+1) EA and steps 8-12 of RLS): the increment
on the weights of the edges can exponentially increase or decrease.
Let o : E* — IN" be the step size function that keeps the step size
for each edge in E*, and let o be initialized as o : E* — 1.

For a mutation of RLS, if it is accepted, then the step size of
the chosen edge e is multiplied by a factor « € IN*; otherwise,
multiplied by 1/« if sign(Y) > 0. For a mutation of the (1+1) EA,
if it is accepted, then the step size of each edge e € I is multiplied
by a, otherwise, the step size of each edge e € I’ is multiplied by
1/a if sign(Y) > 0, where I’ is a subset of I such that each edge
e € I’ has an endpoint that violates the dual-LP constraint with
respect to the dual-solution Y’, and no other edge in I shares the
endpoint with e (see step 15 of the (1+1) EA). The reason why we
define the subset I’ of I is that we can ensure that the step size of
each edge in I’ is unfit for Y. For each edge e in I \ I, there are two
cases: (1) neither its two endpoints violates the dual-LP constraint
with respect to Y’; (2) there is another edge e’ € I\ {e} that has
a common endpoint with e such that the common endpoint of e
and e’ violates the dual-LP constraint with respect to Y. For case
(1), we should not decrease its step size. For case (2), the step size
of e may be fit for Y if it is considered independently. If we adopt
a “radical” strategy decreasing the step sizes of all the edges in I
if the mutation is rejected, then the algorithms take much time
on increasing the step sizes of the edges (in some extreme case,
the step size cannot be exponentially increased, resulting that the
expected runtime to get an MFDS is exponential [18]). Thus, we
adopt a “conservative” strategy: only decrease the step sizes of the
edgesin I’.

Note that for any mutation of the (1+1) EA or RLS that is re-
jected, the step sizes of the edges selected by the mutation are not
decreased if sign(Y) < 0. Because the rejection of the mutation is
caused by the selection of the edges, not the violation of the dual-LP
constraint.

The selection mechanism implies the following lemma.
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LemMA 3.1. For any dual-solution Y’ obtained by a mutation of
the (1+1) EA or RLS on a given dual-solution Y, sign(Y’) > sign(Y)
if Y’ is accepted.

Proor. Since sign(Y’) > -1, sign(Y’) > sign(Y) obviously
holds if sign(Y) = —1. For the case that sign(Y) = 1, we assume
that sign(Y’) = —1. By the definition of f(Y’,Y),

FY',Y) = sign(Y’) —sign(Y) = -2 < 0,

and neither the (1+1) EA nor RLS would accept Y’. Thus the assump-
tion sign(Y’) = —1 is incorrect, and sign(Y’) = 1 = sign(Y). m]

The following lemmata show that once a feasible solution
has been obtained, all later accepted solutions will be feasible.
Lemma 3.2 can be directly derived from Lemma 3.1.

LEmMA 3.2. If(1+1) EA orRLS starts with a feasible dual-solution
Y of G* = (V*,E*, W*), then during the process from Y to the output
MEDS, all dual-solutions accepted by the algorithm are feasible.

LEmMA 3.3. If (1+1) EA or RLS starts with an infeasible dual-
solution Y of G* = (V*,E*,W*), where Y(e) < Wiax for each
e € E¥, then during the process from Y to the output MFDS, there
exists an accepted feasible dual-solution Y; such that all dual-solutions
accepted after Y; are feasible.

Proor. Let Y’ be the dual-solution obtained by a mutation on
Y that selects an edge € € E* \ Eg+(Y). Since Y is an infeasible
dual-solution of G*, Y’(e) < Y(e) for each e € E* \ Eg+(Y). Thus,

Z (Y(e) - Y'(e)) > Y(e) - Y'(¢) > 1 and

e€E*\Eg+(Y)

20E* |- Wnax-(sign(¥)=1): >
e€E*\Eg+(Y)
where |E*| and Wy, 4 are assumed not less than 1.

Combining the obvious fact that 0 < sign(Y’) — sign(Y) < 2, we
have that if the mutation decreases the weight on some edge in
E*\ Eg+(Y), then f(Y’,Y) is always less than 0, and Y’ cannot be
accepted by the algorithm. That is, to get a feasible dual-solution
of G*, only the weights on the edges in Eg+(Y) can be decreased.

It is easy to see that if the weights on the edges in Eg+(Y) are de-
creased to 0, then a feasible dual-solution of G* can be found. Thus
if the algorithm starts with Y, and keeps decreasing the weights
on the edges in Eg+(Y), then it can find a feasible dual-solution Y;,
which can be accepted. By Lemma 3.2, all dual-solutions accepted
after Y; are feasible. ]

4 RUNTIME ANALYSIS

Given an edge e in the weighted graph G* = (V*, E*, W*), a muta-
tion of the (1+1) EA or RLS is a valid mutation on e if it results an
increase or decrease on the weight of e, or on the step size o(e). In
this section, we first study the behaviors of the (1+1) EA and RLS
on a specific edge ¢ = [v1,v2] in G* = (V*, E*, W*). Then using
the results obtained for the edge ¢, we study the runtimes of the
(1+1) EA and RLS for the four versions of DWVC seperately.

LEMMA  4.1. Starting with a  feasible  dual-solution
Y of G*, (1+1)EA (or RLS) takes expected runtime
O(amloga (Y* (e)—Y(e))) to get a feasible dual-solution Y*
of G* with respect to which ¢ is tight.

(Y(e) - Y/(e)) < _4|E*|'Wmax B
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Proor. We first consider the (1+1) EA. Since Y is a feasible dual-
solution of G*, by Lemma 3.2, the sign function sign() keeps to
be equal to 1 during the process from Y to Y*, indicating that the
weight on e is increased from Y (e) to Y™ (e).

Let Y’ be the offspring obtained by a mutation M on Y, and let I
be the set containing all the edges selected by M. In the following
discussion, we first analyze how the mutation M influences the step
size o(¢) of e. Apparently if ¢ ¢ I, then M cannot influence o (e).
Thus we assume thate € I.

Case (1). o(e) < Y*(e) — Y(e). If M is accepted by the (1+1) EA,
then o (e) is multiplied by the factor a. If M is rejected by the (1+1)
EA, then the analysis is divided into the following three subcases.

Case (1.1). An endpoint of e violates the dual-LP constraint
with respect to Y’. Since o(¢) < Y*(¢) — Y(e), there exists an
edge ¢/ € Eg+(e) N I such that the common endpoint of ¢ and ¢’
violates the dual-LP constraint with respect to Y’. According to the
definition of the edge-set I’ (see step 15 of the (1+1) EA), we have
that ¢ ¢ I, and M does not influence o (¢).

Case (1.2). No endpoint of e violates the dual-LP constraint with
respect to Y’. According to the definition of the edge-set I’, we also
have that e ¢ I, and M does not influence o (¢).

By the above analysis, any mutation of the (1+1) EA cannot
decrease o (e) to o(e)/a for Case (1).

The mutation that only selects the edge ¢ can be generated by
the (1+1) EA with probability Q(1/m), which can be accepted under
Case (1). Thus for Case (1), the (1+1) EA takes expected runtime
O(m) to increase the weight on edge ¢ from Y (e) to Y(e) + o (¢), and
increase the step size o(e) of e to a - o (e).

Case (2). o(e) > Y*(¢) — Y(e). Since ¢ € I, then the mutation M
would be rejected by the (1+1) EA.

Case (2.1). There is an edge ¢’ € I sharing the endpoint of ¢ that
violates the dual-LP constraint with respect to Y’. Because of the
existence of ¢/, ¢ ¢ I’ and M does not influence o (¢).

Case (2.2). There is no edge in I that shares an endpoint with e
such that their common endpoint violates the dual-LP constraint
with respect to Y’. Apparently, for this subcase, ¢ € I’, and o (e) is
decreased to o(¢)/a.

The mutation that only selects the edge ¢ belongs to Case (2.2),
which can be generated by the (1+1) EA with probability Q(1/m).
Thus for Case (2), the (1+1) EA takes expected runtime O(m) to
decrease step size o(¢) of e to o(e)/a.

Now we are ready to analyze the expected runtime that the (1+1)
EA takes to increase the weight on ¢ from Y(e) to Y*(e), using
the above results. The process is divided into two phases: (I). the
o (e)-increasing phase; (II). the o(¢)-decreasing phase.

During the o(e)-increasing phase, o(¢) can only increase. The
o (e)-decreasing phase follows the o(¢)-increasing phase, during
which o(e) may increase or decrease, but the general trend is de-
creasing. Assume that o(e) is initialized as o, where p > 0. If
af > Y*(¢)—Y(e), then we are already at the o (¢)-decreasing phase.
In the following discussion, we assume that a? < Y*(¢) — Y(e).

(I). The o (e)-increasing phase. Let g be the integer such that

q g+l
Dlat <Y Q) - V(). and Ylal > YR - Y(e) .

i=p i=p
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It is easy to see that o (e) can be increased from o to a9™! during
this phase. Thus the number of valid mutations on ¢ during this
phase is ¢ — p + 1, where

qg-p+1= {loga((y*(e)_};},e»(a_l) +1)J .

Combining the analysis for Case (1), the o (¢)-increasing phase takes
expected runtime O(mloga (Y*(e) =Y (e )) (because p may be 0).

(IT). The o (¢)-decreasing phase. During this phase, the weight on
e is increased from Y(e) + Z?:p al to Y*(e), and o (e) is decreased
from a9 to 1. Similar to the analysis for the o(e)-increasing
phase, we analyze the number T of valid mutations on e during the
o (e)-decreasing phase.

To simplify the analysis, we consider the number ¢; of valid
mutations on ¢ with o(¢) = a’ (0 < i < ¢ + 1) among the T valid
mutations on e (since o(¢) can increase or decrease during the o (e)-
decreasing phase, there may be more than one valid mutation on ¢
with o(¢) = a*). Obviously T = Z?:Ol ti.

We first consider tg+1. Since the valid mutation on e with o (¢) =
a?*! cannot be accepted, o(¢) will be decreased to a9. Observe
that if a valid mutation on ¢ with o(¢) = a7 is accepted, then o (¢)
would be increased to 9*!. Thus tg+1 < 1+ (@ — 1) = a, because
there are at most « — 1 valid mutations on e with o(¢) = «? among
the T valid mutations on ¢ that can be accepted by the algorithm.

For any 1 < i < g, since there are at most « — 1 valid mutations
on e with o(e) = a! among the T valid mutations on e that can be
accepted, and at most a valid mutations on ¢ with o(¢) = o that
can be rejected (use the analysis given above for o(¢) = a9*1), we
can get that t; < 2 — 1.

If o(¢) = 1, then the weight on ¢ is between Y*(¢) — a + 1 and
Y*(e). If the weight on ¢ equals Y*(e), then the o(e)-decreasing
phase is over, and ty = 0. If the weight on ¢ is between Y*(¢) —a + 1
and Y*(¢) — 1, thenty < a — 1.

The above analysis gives

T:ZtiS(Za—l)(q+1).
i=0

Combining the analysis for Case (1-2), the o(¢)-decreasing phase
takes expected runtime O(amloga (Y*(e) =Y (e )).

Therefore, there are at most 2a(q+1) valid mutations on ¢ during
the process from Y to Y*, for which the (1+1) EA takes expected
runtime O(amloga (Y*(e) =Y (e ))

Since we only consider the mutation selecting exactly one edge
in the analysis for the (1+1) EA, it is easy to get that the conclusions
for the (1+1) EA also apply to RLS. O

Now we turn to analyze the expected runtimes that the two
algorithms take to make the edge e satisfy the dual-LP constraint,
if they start with an infeasible dual-solution with respect to which
e does not satisfy the dual-LP constraint.

LEMMA 4.2. Starting with an infeasible dual-solution Y of G* with
respect to which edge ¢ does not satisfy the dual-LP constraint, the
(1+1) EA (or RLS) takes expected runtime O(m log, (Y(e) - Y* (e)))
to get the first dual-solution Y* of G* with respect to which e satisfies
the dual-LP constraint.
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Proor. We first consider the (1+1) EA. Since Y is infeasible, the
(1+1) EA decreases the weight on e to get Y*.

Assume that o (¢) is initialized as a (p > 0). Note that the value
of o (¢) will not be decreased during the process from Y to Y*, hence
there exists an integer g such that Z?:p al = Y(¢) — Y*(¢). Thus
during the process, o (e) is increased from a to «9*1, and there
are q¢ — p + 1 valid mutations on e, where

q—P+1:loga((y(e)_y;ge)(a_l) +1

The mutation that only selects the edge ¢ can be generated by
the (1+1) EA with probability Q(1/m), which is a obviously valid
mutation on e. Hence the (1+1) EA takes expected runtime O(m(q+
1) = O(m log, (Y(e) = Y* (e))) to get Y* (because p may be 0). The
above conclusions for the (1+1) EA also apply to RLS. O

4.1 Analysis for DWVC-E*

In this subsection, we study the performances of the two algorithms
for DWVC-E*.

THEOREM 4.3. The expected runtime of the (1+1) EA (or RLS) for
DWVC-E* is O(amlog? (D - Wnax)).

Proor. Given a DWVC-EY instance {G = (V,E, W), Yorig,E+}.
We first consider the expected runtime of the (1+1) EA to obtain
an MFDS of G* = (V,E U E*, W), starting with the MFDS Yorig
of G = (V,E,W). For each edge e € E, Yorig(e) and o(e) are
initialized as 0 and 1 respectively. Apparently Yoig is a feasible
dual-solution of G*. Thus any mutation on Yyriz would be rejected
if Y is an MFDS of G*, and the algorithm would keep Y forever.

In the following, we assume that Yorjg is not an MFDS of G*.
Observe that the weights on the edges in E cannot be increased.
Thus by Lemma 3.2, we have that Y*(e) = Yorig(e) for each edge
e € E, and Y*(e) > Yorig(e) for each edge e € E*, where Y is an
arbitrary MFDS of G* obtained by the (1+1) EA starting with Yoig.

Now we analyze the expected runtime that the (1+1) EA takes to
get Y*. Denote Y*(e) - Yorig(e) by A(e) for each e € E*, and denote
the number of valid mutations on e required to increase the weight
on e from Yorig(e) to Y*(e) by B(e). Let Egyo = {e € E*|B(e) # 0.
For the ZeeElm B(e) valid mutations on the edges in Eg,g, we
have that ZeeE,;#O Yorig(e) is increased by ZeEE/m A(e). Thus the
expected increment for each valid mutation on the edges in Eg is

ZEEEﬁ#) A(e)
Sectyn BE)

The mutation selecting exactly one edge in Eg is an obviously
valid mutation on the edges in Ego, which can be generated by

an iteration of the while-loop with probability Q( L ;? | ). Thus the

e
expected increment of ). ¢ 40 Yorig(€) made by each iteration of

the while-loop is at least

|Epol  Zeekya Ale)
em  Yeerp, Ble)
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|Eﬁ¢0"ZeEEﬁ¢O Ae)
TemTecr,,, B Y
Lemma 4.1, for each edge e € Eﬁ;to, we have that

Now we analyze the lower bound of

Ble) < 2a|log, (a—1)-Ae)+1)]
< 2allog, (a - Afe)] = 2a (Llog, A(e)] +1) .
Thus,
Z Ble) < 2alEgzl + Z log,, A(e)
EEE5¢0 EEE/?#O
< 2a||Epsl + |Epsl - logg Z Ale)

e€Epyo

The maximum value and minimum value that ), cg 0 A(e) can
take are D - Wy, qx and 1 respectively, hence

|E[)’¢0| : ZeeE/#o Ale) ZEEE/)’;tU Ae)
e-m: ZEEE/}¢U Ble) ~ 2e-am (1 +log, (D - Wmax)) .

The Multiplicative Drift Analysis [4] gives that the (1+1) EA takes
expected runtime O(am logtzx (D - Winax)) to find an MFDS Y* of
G*.

Since we only consider the mutations selecting exactly one edge
in the above analysis for the (1+1) EA, the above conclusions for
the (1+1) EA also apply to RLS. O

4.2 Analysis for DWVC-E~

Given an instance {G = (V, E, W), Yorig, E”} of DWVC-E™. Obvi-
ously, the endpoints of the edges in E~ may not be tight with respect
to the MFDS Yoig of G once the edges in E~ C E are removed (note
that the domain of definition for Yoz and the weight function W
would be modified as E\ E™ after the edges in E’ are removed). Thus
the weights on the edges in Eg+(E™) have the room to be increased.

THEOREM 4.4. The expected runtime of the (1+1) EA (or RLS) for
DWVC-E™ is O(amlogZ (D - Wiax)).

Proor. We consider the expected runtime of the (1+1) EA (or
RLS) to obtain an MFDS of G* = (V,E \ E~, W), starting with the
MEDS Yorig of G = (V, E, W). Apparently Yoig is a feasible dual-
solution of G*. If Yy is an MFDS of G*, then any mutation of
the (1+1) EA (or RLS) on Yoz would be rejected, and the algorithm
keeps Yorig forever. Thus in the following discussion, we assume
that Yo is not an MFDS of G*.

Let Y* be an arbitrary MFDS of G* obtained by the (1+1) EA (or
RLS) starting with Yorig. Observe that the weights on the edges in
E\ (E” U Eg+(E™)) cannot be increased. Thus we have that Y*(e) =
Yorig (€) for each edge e € E\ (E~ U Eg+(E™)), and Y*(e) = Yorig(e)
for each edge e € Eg+(E™).

Since all the edges in Eg+(E™) are incident to the endpoints of
the edges in E~, where the number of the endpoints of the edges in
E” canbe bounded by 2D, ¥, cE,,. (e-) Y™ (€) can be upper bounded
by 2D - Wiax, and

D Q) = Yorigle) < Y

ecEg+(E™) ec€Eg+(E™)

Y*(e) < 2D - Winax -
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Using the reasoning similar to that for Theorem 4.3, the (1+1) EA (or
RLS) can obtain Y* in expected runtime O(am logi (D-Whax). O

4.3 Analysis for DWVC-W*

Given an instance {G = (V,E,W), Yorigs VT, Wt} of DWVC-WT.
The following lemma shows that the sum of the increments of the
weights on the edges can be bounded.

LEMMA 4.5. For any MFDS Y* obtained by the (1+1) EA (or RLS)
for instance (G = (V,E, W), Yorig, v, wty,

DY) - Yorgle) < Y. (W) -w().

ecE veV*t
PRrOOF. Since Yoy is an obviously feasible dual-solution of G* =
(V,E,WH), Y*(e) > Yorig(e) for each edge e € E. Let Eyy+ be the
set containing all edges e € E where Y*(e) > Yyrig(e). Observe that
the weights on the edges in E \ Eg+(V*) cannot be increased. Thus

DY (@) = Yarigl®) = >° (Y"(€) = Yorigle)) . ()
ecE e€ly +

For each e € Eyy+, let 7(e) be the endpoint of e that is tight with
respect to Yorig (if both endpoints are tight, then arbitrarily choose
one). Obviously 7(e) € V*. For any v € V*, we have

D (YH(©) ~ Yorigle)) < WH () - W(v)

e€Ey+|7(e)=0v

and
D (Y —Yorgle) < > (W) -wE) . @
€€Eqy+ vevt
Combining (1) and (2) gives the claimed inequality. O

Using the reasoning similar to that for Theorem 4.3 and the
bound proved by Lemma 4.5, we have the following theorem.

THEOREM 4.6. The expected runtime of the (1+1) EA (or RLS) for
DWVC-W* is O(amlogZ (D - Winax)).-

4.4 Analysis for DWVC-W~

Given an instance {G = (V,E,W), Yorig, V™, W~} of DWVC-W™.
Since Yorig may be an infeasible dual-solution of G* = (V,E,W™),
it is necessary to consider the process from the infeasible dual-
solution Yorig of G* to a feasible dual-solution of G* in the following
discussion.

THEOREM 4.7. The expected runtime of the (1+1) EA (or RLS) for
DWVC-W~ is O(amlog? (D - Winax).

Proor. We first consider the expected runtime of the (1+1) EA
to obtain an MFDS of G* = (V,E, W™), starting with the MFDS
Yorig of G = (V, E, W). Obviously if Y¢ is a feasible dual-solution
of G, then Yy is also an MFDS of G*, and any mutation on Yyyig
would be rejected. In the following discussion, we assume that Yorig
is an infeasible dual-solution of G*.

Let Y; be the first feasible dual-solution accepted by the (1+1)
EA. By Lemma 3.3, to get a feasible dual-solution of G*, only the
weights on the edges in Eg+(Yorig) can be decreased by the (1+1) EA,
where Eg+ (Yorig) € Eg+(V™). Thus Y;(e) < Yorig(e) for each edge
e € Eg=(Y), and Y (e) = Yorig(e) for each edge e € E\ Eg-(Yorig)-

GECCO 18, July 15-19, 2018, Kyoto, Japan

Denote Yorig(e) — Yi(e) by A(e) for each e € Eg+(Yorig), and
denote the number of valid mutations on e required to decrease
the weight on e from Yorig(e) to Yi(e) by S(e). Let Egxo = {e €
EG*(Yorig) I ﬂ(e) # 0}

Since Zeegﬂ#ﬂ Yorig(e) is decreased by Zeegﬂ#ﬂ A(e) for the
> ecE k0 B(e) valid mutations on the edges in Eg, and each itera-
tion of the while-loop generates a mutation selecting exactly one
edge in Eg,( with probability Q(lEf—;fl), the expected decrement
of Yeck 40 Yorig(€) made by each iteration of the while-loop is at
least

|Eﬁ¢o| ZeeEﬂio Ale)
em  Seen,. B
|Epzol-Zeery,, Ale)
e Sec gy B@) DY
Lemma 4.2, for each edge e € Egyo, we have that

Now we analyze the lower bound of

ple) <log, (@ —1)A(e) + 1) < log, Ale) + 1.

Thus, Z Ble) < Z log,, A(e) + |Epzo
eeEﬁ#) EEEﬁ#)
< ) log, YA€)+ |Egsl
eEE/#O eEEﬁ¢0
= |Epsol -logy D Ale) +[Egsol .
eGE/#g

Therefore, we have
[Egol - Leekp,, Ale)
e M Secty O

ZEEE/j¢() A(e)
- e-m- (loga (ZEEEﬂ;&[} A(e)) + 1) .

Since ZeGEG* (V) Yorig(e) < D - Wpax and Eg (Yorig) c
Eg+(V™), we have ZEEEG*(Yorig) Yorig(e) < D+ Winax, and the max-
imum value and minimum value that ), ,cg 40 A(e) can take are
D - Wiax and 1 respectively. Therefore,

ZeGE/#O A(@)
T em (loga (D - Whax) + 1) .

[Epzol - XecEp,, Ale)
€ m: YecEy,, Be)

The Multiplicative Drift Analysis [4] gives that the (1+1) EA takes
expected runtime O(mlogg( (D - Wiax)) to get Y.

Obviously Y; may not be an MFDS of G*. Thus we also need to
consider the process of the (1+1) EA to get an MFDS of G*, starting
with Y;. To simplify the analysis, we aim to transform the process
to an execution of the (1+1) EA for an instance of DWVC-W,

In the following, we first construct a weighted graph G; =
(V,E,W;) such that Y; is an MFDS of G;. Let Vgzo contain all
endpoints of the edges in Eg. For each vertex v € V' \ Vg, let
Wi (v) = W(v), and for each vertex v € Vg, let

Wi (v) = W() — Z Ae) .
e€Eg.olenv#0

Since Yorig is an MFDS of G, Y; is an obvious MFDS of G; .

Since Y; is a feasible dual-solution of G* but an MFDS of Gy,
Wi (v) < W™ (v) for each vertex v € V. Let V’ be the subset of
V such that for each vertex v € V/, Wy(v) < W™ (v). Thus the
instance of DWVC-W™ is {G; = (V, E,W;), Y;, V/, W™ }. Similar to
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Lemma 4.5, we give the upper bound that the sum of the increments
of the weights on the edges with respect to W~. We have

Y W@-mE) < Y (W) -W@)
veV’ veV’
< Z Z Ale)
veV’ \e€EpzoleNnvd
< 2 Z Ale) < 2D - Wipax -

e€Epy

By the reasoning similar to that for Theorem 4.3, the (1+1) EA takes
expected runtime O(am logfx (D - Wmax)) to get an MFDS of G*
starting with Y;.

Summarizing the above discussion, the (1+1) EA gets an MFDS
of G* in expected runtime O(am logi (D - Whax ). The above time
complexity also applies to RLS. O

5 CONCLUSION

In this paper, we contribute to the theoretical understanding of
evolutionary computing for the Dynamic Weighted Vertex Cover
problem, generalizing the results obtained by Pourhassan et al. [19]
for the Dynamic Vertex Cover problem. Four graph-editing opera-
tions were studied for the dynamic changes of the given weighted
graph, which lead to four versions of the Dynamic Weighted Vertex
Cover problem. The performances of algorithms (1+1) EA and RLS
with step size adaption strategy for the four versions were analyzed
seperately, which show that they can maintain the quality of the
solution for these studied dynamic changes efficiently.

Pourhassan et al. [18] studied the Weighted Vertex Cover prob-
lem using the dual form of the LP formulation for the Fractional
Weighted Vertex Cover problem recently. They showed that their
(1+1) EA with Step Size Adaptation cannot get a 2-approximate so-
lution in polynomial expected time with high probability. There are
two main differences between their (1+1) EA and our (1+1) EA: (1).
for the mutation M constructed by their (1+1) EA, there may exist
two edges selected by the mutation M whose weights are increased
and decreased respectively; for the mutation M constructed by our
(1+1) EA, the weights on the edges selected by the mutation M are
either all increased or all decreased; (2). for the mutation M that is
rejected by their (1+1) EA, the step sizes of all the edges selected by
the mutation M are decreased; for the mutation M that is rejected
by our (1+1) EA, only the step sizes of the edges satisfying a specific
condition can be decreased.
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