
Vetor Algebra and Calulus I (2008) 2A1C 12A1C Vetor Algebra and Calulus IBugs/queries to ian.reid�eng.ox.a.uk Mihaelmas 2008Course page www.robots.ox.a.uk/�ian/Teahing/Vetors Ian Reid1. The tetrahedron in the �gure has verties A, B, C, D at positions a, b, , d,respetively.(a) Derive an expression for the unit normal n̂ab to the planar fae ABC.Explain why points r on the plane ABC an be written r � n̂ab = a � n̂ab .Hene, and by writing y = d+�n̂ab , derive the position of Y, the projetionof D onto the fae ABC along the normal to ABC.(b) By writing x = a+ �( � a), derive an expression for the position vetor xof the point X on the line AC suh that DX is perpendiular to AC.() The unit normal you derived in part (a) might point into, or out of, thetetrahedron. With knowledge of the ordering of verties around eah fae(say from the diagram) it is of ourse possible to reover an outward faingnormal.Now suppose that you do not know the ordering.(i) By onsidering the vetor from D to A, devise a proedure to hekwhether the n̂ab you reovered in part (a) is a unit normal pointing out ofthe tetrahedron.(ii) Would using the \wrong" sign for a normal a�et the result of part (a)?(d) In terms of outwards faing unit normals, derive an expression for the internalangle between faes ABC and BCD.Would using the \wrong" sign for a normal a�et the result of part (d)?
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2 Vetor Algebra and Calulus I (2008) 2A1C2. The �gure shows a laser mounted on a pan-tilt mehanism so that its beam anbe direted from the point a in any diretion b̂. The beam must be reetedfrom a plane mirror with normal n̂ faing out of the mirror to hit a target lyingat position t.(a) Derive the equation of the mirror plane.(b) Derive an expression for the minimum straight-line distane of a point tfrom the plane mirror.() Show that the diretion the laser must point in is b̂ = v=jvj wherev = t� 2 ((t�m) � n̂) n̂� a :(d) A valid target position t must lie in front of the mirror. Devise a vetor testfor this ase.
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Vetor Algebra and Calulus I (2008) 2A1C 33. The �gure shows two ground-based radar stations traking an airraft. Station1 has a �xed Cartesian oordinate system (Oxyz)1 attahed to it, and measuresthe diretion to an airraft as n̂1, but it annot determine the range �1. Station2 is loated at a in the �rst's oordinate system. In its loal oordinate system(Oxyz)2 it simultaneously measures the diretion to the airraft as n̂2 but againdoes not determine the range �2.(a) Assume that the two loal oordinate systems are aligned (ie there is norotation between them). Show that the airraft's position in (Oxyz)1 anbe written in two ways, as either p1 = �1n̂1 or as p1 = a + �2n̂2. Heneshow that the range from the �rst station is�1 = (a� n̂2) � (n̂1 � n̂2)jn̂1 � n̂2j2(b) The airraft is at p1 = [�20; 5; 5℄ km relative to (Oxyz)1, and a =[1; 10; 0:3℄ km. Use a vetor magnitude to derive the range �1, and deduen̂1. Also derive the position p2 of the airraft as measured in (Oxyz)2, andhene �nd n̂2.() Verify the formula derived in part (a) by inserting the values of n̂1;2 foundin part (b).(d) What simple hange to the expression for �1 would you have to make if thetwo oordinate systems were still separated by a but were no longer aligned?(e) Under what irumstanes would the expression of part (a) break down?Relate your answers to the physial situation.
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4 Vetor Algebra and Calulus I (2008) 2A1C4. (a) The vetor triple-produt is p� (q� r) = (p � r)q� (p � q)r.Starting from the yli property of the salar triple-produt (p � q) � r =(r � p) � q, use judiious substitution of vetors toi. Express (a� b) � (� d) in terms of salar produts only; and heneii. Show that (a� b) � ((a� )� d) = (a � d)(a � (b� )) :(b) i. Express (a� b)� (� d) as a linear ombination of  and d.ii. By writing the expression in square brakets as a linear ombination ofa and , simplify (a� b) � [(b� )� (� a)℄:() By writing x = �a+�b+ �(a�b) (where a and b are non-parallel vetors,and where �, � and � are salars), derive general solutions to the followingequationsi. x� a = b, given that a � b = 0.ii. x � a = .
5. A fairground ride omprises a dis in the horizontal xy -plane, its entre at theorigin of the world oordinate system. A trak runs from the entre to the edgeof the disk and is initially oinident with the world's �̂ axis. At time t = 0 (i) aar moves o� along the trak from the entre of the disk with onstant speed�, and (ii) the disk is set to rotate with angular veloity !k̂ about its entre.(a) Draw a diagram and on�rm that in the world oordinate system the ar'sposition at time t is R(t) = �t r̂(t), and dedue an expression for r̂(t).(b) Show that the ar's veloity in the world frame is dR=dt = � r̂(t)+�t!�̂(t).() Derive the ar's aeleration in the world frame, and interpret the termsyou �nd.(d) Repeat steps (a) - () for the ase where the ar moves o� along the trakwith onstant aeleration �. Again disuss the terms present in the ar'saeleration.



Vetor Algebra and Calulus I (2008) 2A1C 56. The mutually perpendiular unit vetors l̂; m̂; n̂ are funtions of time t, butremain mutually perpendiular unit vetors. As l̂; m̂; n̂ form a basis, it must bethe ase that d̂l=dt = �1̂l + �1m̂ + 1n̂, where �1 et are (as yet) arbitraryoeÆients; and similarly for dm̂=dt and dn̂=dt.(a) By di�erentating l̂ � l̂ = 1 w.r.t. time, and similarly for m̂ and n̂, show thatd̂l=dt = �1m̂+ 1n̂ dm̂=dt = �2̂l+ 2n̂ dn̂=dt = �3̂l+ �3m̂(b) By di�erentiating l̂ � m̂ = 0, and similarly for the other vetors, obtain threerelationships of the form �2+ �1 = 0. Hene, and using the vetor test foroplanarity, show that d̂l=dt, dm̂=dt, and dn̂=dt, are oplanar.() Consider physially how three mutually perpendiular unit diretion vetorsan hange, and so justify this oplanarity result.(d) Con�rm that your expressions obtained earlier are veri�ed when you di�er-entiate the expression l̂� m̂ = n̂ with respet to t.
7. The axis of a helial tube with ross-setional area A is given by r(p) =[a sin p; a os p; bp℄. The tube arries an invisid, inompressible uid at a vol-ume ow rate of L units per seond.(a) Find a unit tangent vetor t̂ to the axis, and hene determine p in terms ofar-length, s.(b) By determining the relationship between ar-length s and time t, write downthe instantaneous veloity vetor of an element of uid on the axis.() Find dt̂=ds and the urvature of the axis. Hene determine the diretionand magnitude of the instantaneous aeleration of an element of uid onthe axis. Disuss the signs of the omponents of this aeleration vetor.



6 Vetor Algebra and Calulus I (2008) 2A1C8. (a) A salar potential �eld is given by � and the vetor �eld F isF = �̂���x + �̂���y + k̂���z :Noting that dr = �̂dx + �̂dy + k̂dz , and realling the de�nition of a perfetor total di�erential, show that the line integral
∫ BA F � dr = ∫ BA d� = �B � �A :(b) The vetor �eld F = yz �̂ + xz �̂ + xy k̂. Evaluate the line integral ∫ BA F � dr,where A is (0; 0; 0) and B is (4; 2; 4), in two ways:i. by integrating to �nd that a potential funtion � exists, and evaluatingthe di�erene in potential between the points.ii. by integration along the parametrized urve x = p2; y = p; z = 2p:To do this, express F in terms of p, and dr in terms of p and dp.9. (a) Write down vetor expressions for the elements of line dr and surfae dSand salar expressions for the elements of volume dV shown in the �gure,using the appropriate oordinate system.(b) Find the work done ∫ F � dr in a �eld F(x; y) = y �̂+ x �̂ when moving alongi. the shorter irular path from (x; y) = (a; 0) to (x; y) = (a=p2; a=p2);ii. the longer path from (x; y) = (a=p2; a=p2) to (x; y) = (a; 0).() Find ∫S v � dS where v = r 2(x �̂+ y �̂+ z k̂) and S is the entire surfae of thesphere x2 + y 2 + z2 = a2.
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Vetor Algebra and Calulus I (2008) 2A1C 7Answers and Hints1. (a) y = d+ ((a� d) � n̂ab)n̂ab(b) � = (d� a) � (� a)=j� aj22. (b) � = (t�m) � n̂() Think where the image of t appears ...3. (a) Think about a vetor operation to eliminate �2 from the equation.(b) Using p alone, �1 = p450 kmn̂1 = [�0:942; 0:236; 0:236℄, n̂2 = [�0:9505; � 0:2263; 0:2127℄() Intermediate heks ...n̂1� n̂2 = [0:1035; �0:0235; 0:4374℄, a� n̂2 = [2:1953; �0:4979; 9:2791℄.4. (a) (a � )(b � d)� (a � d)(b � ) then use replaement to ontinue.(b) [a � (b� )℄2 or yli permutations thereof.() x = �a+ �b+ a� b, where(i) � arbitrary, � = 0, and � = 1=a2(ii) � arbitrary, � = ( � �a2)=a � b, and � arbitrary.5. (d) �R = �(1� t2!2=2)̂r + 2�t!�̂6. (d) Hint: di�erentiate both sides, and then use parts (a) and (b) to show thatthey are the same.7. (a) t̂(p) = (a2 + b2)�1=2[a os p;�a sin p; b℄, p = (a2 + b2)�1=2s; (b) ds=dt =L=A; v(p) = L=At̂(p); () � = a=(a2 + b2); n̂ = [� sin p;� os p; 0℄; dv=dt =(L2=A2)�n̂.8. (b) i) 32 and (ii) 329. (a) Consult the leture notes(b) a2=2 and �a2=2. Think why they sum to zero.() 4�a5


