lan Reid
Hilary Term 2003

APPLIED ESTIMATION Il
As in thefirst setof exercisesyou may find someof the questionsaremosteasilyansweredising
matlab. Codeexamplesrom thelecturesareavailablefrom my web-siteat

http://www.robots.ox.ac.uktianTeachng/Estimationt

1. Kalmanfiltering properties.
Considetthe one-dimensionaystemmodeldescribedy,

o(k +1) F(k)z(k) + w(k) )
2k+1) = z(k+1)+ok+1) @)

Supposalsothat,
Ew?*(k+1)]=gq, E[*(k+1)]=r forallk.
(a) Shaw thatthe predictedstatecovariancesatisfies,
P(k+1lk) > q.
(b) Shaw thatthe estimatedstatecovariancesatisfies,

rq
r+q

Pk+1k+1)<r and Pk+1k+1)>
(c) Show thattheKalmangainsatisfies,

0<K(k+1)<1.

What do theseresultstell you abouthow initialisation conditionsrelateto predictionand
estimationaccurag?

2. Undestandingthe Kalmanfilter
TheKalmanfilter updateequationdasedntheinnovationare,

Xpprbrr = Xpgap + Ket1Vet1,

T
Prrijp+1 = Pryape — Kepr Spp1 Ky

(a) Usetheseequationdo deducethatthe gain matrix K41 thatminimisesmeansquared
erroris givenby

_ T —1
Kit1 = PryppHe Sy



(b) Explainthe meaningof theterm H;{HS,;L.

(c) Explainhow theseequationsare modifiedif obsenationandprocessoisesarecorre-
lated,
E[kak] = Ck.

. Continuousanddiscretestate-spacenodels.

Consideravehicletrackingproblemwherea vehiclemovesat constanticceleratiomndmea-
surementsire madeof vehicle position. Let z(t), z(t) andZ(t) representhe vehicle posi-
tion,velocity andaccelerationandw (t) representhe uncertaintyin the processmodel. Fur-
therlet the measuremerdf vehiclepositiony(t) becorruptedby measurementoiseuv(t).

(a) Write down the continuous-timelomainsystenmstateandobsenationequations.

(b) Usingyour answerto part (1) derive from first principlesthe equivalentdiscrete-time
systemandmeasuremergquations.

(c) In practice whatconditionsmustbe metif the discrete-modedf part(2) is to beagood
representatioof the continuous-modedf part(1)?

. State-spacenodelsof nonlinearsystems.

A simplediscrete-timanodelof carmotionis:

z(k+1) z(k) + ATV (k)cosO(k)
l y(k+1) ] = [ y(k) + ATV (k)sinf(k) |, 3)

0(k +1) 0(k) + AT ¢(k)
wherez, y, 6 arethe carlocationand orientationrespectiely, and V' (k + 1), ¢(k + 1) are
the forward velocity and steeringangleof the car AssumethatV (k + 1) and¢(k + 1) are
known perfectly As thecardrivesit is subjecto randomdisturbancesothatthetruelocation
differsfrom thatwhichwould becomputedrom knowledgeof thevelocity andsteeringangle.
Linearisethe model (i.e. derive a first order Taylor seriesapproximation),and usethis to
obtain(in state-spacéorm) alineardifferentialequationdescribingthe evolution of the error
betweertruelocationandthelocationcomputedrom V (k) andg¢(k).

. Steadystateperformance

(a) Explainwhy thegainmatrix K (k + 1) tendsto a steady-statealueovertime.
(b) Considerthescalardiscrete-timdinearsystemandobsenationmodel

z(k+1)=z(k) +wk); zk+1)=2k+1)+vk+1),

wherethenoisetermsw(k) andv (k) areuncorrelatedn time, with

Ew?(k)] = ¢=0.01; E[*k)=r=0.1.

Computethe steady-statestimatecovariancefor the Kalmanfilter algorithmwith these
systemandobsenationmodels.Hencealsocomputethe steady-statgain.

(c) Write down the steady-stateipdateequationfor the systemin part(b). Show thatthis
maysimply beviewedasa low-pasdilter, andexplaintherole of g andr in determining
the cut-off frequeng of thisfilter.



6. Constantacceleation particle system.

A caris tetherednto aflat-bedtruck whichinitially standsatrestin aloadingbay. Thetruck

thenmovesalonga straighttrack with unit accelerationThelongitudinalpositionof the car

relative to thetruckis governedby a Gaussiamoiseprocesswith unit variance.Thedistance
of the car from a fixed point in the loadingbay is measuredat successie time steps,by a

radarsensowith Gaussiammeasurememtoiseandcovariances?.

(a) Derive a Kalmanfilter to estimatethe position andvelocity of the car, relative to the
loadingbay, at successie time steps.

(b) Show that, in the casethats = 1, the Kalman gain reachesa steadystatevalue of
(c) Whattestcouldyou applyto the innovationto indicatewhetherthe acceleratiorof the
truck hadchanged?

7. Filter performance innovationtest

(a) Thethreemaintestsfor thecorrectoperationof a Kalmanfilter are;

i. that95% of theinnovationshave magnituddessthan2,/S(k + 1).
ii. thatthemeanof thenormalisednnovationsequencéendsto afixedspecifiedvalue
within afixed confidencébound.

ii. thatthe time-averagedauto-correlatiorof the innovation sequenceés zero every-
whereexceptat the origin.

Explainwhy eachof thesemustbetrueandshav how they aretestedn practice.

(b) Figurel is derivedfrom theresultsof runninga Kalmanfilter algorithmon a sequence
of measurement&xplain,giving areasonedrumentwhatis wrongwith thefilter.

8. ExtendedalmanfFilter
In what,if any, sensas the extendedKalmanfilter “optimal”?

A particleis moving with constantvelocityalongtheline y = 20. with approximatelyniform
velocity subjectto a velocity distribution with meanzeroandstrengthy. It is obsenedusing
abearing-onlysensotocatedat the origin. Assumethatthe obserationnoiseis o7 .

(a) Write down the processaandobsenationequationdor this system.

(b) Find an expressionfor the extendedKalman filter gain matrix as a function of state
predictionandpredictioncovariance.

(c) Plotthe gain matrix asa function of predictedtargetbearing. Explain the variationin
gainmatrix andthe effect of low-horizonbearingon estimatioraccurag.
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Figurel: Question7: (a) innovation;(b) normalisednnovationssquared(c) autocorrelatiorof the
innovation.



