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APPLIED ESTIMATION II

As in thefirst setof exercises,you mayfind someof thequestionsaremosteasilyansweredusing
matlab. Codeexamplesfrom thelecturesareavailablefrom my web-siteat

http://www.robots.ox.ac.uk/� ian/Teaching/Estimation/

1. Kalmanfiltering properties.

Considertheone-dimensionalsystemmodeldescribedby,
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Supposealsothat,
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(a) Show thatthepredictedstatecovariancesatisfies,
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(b) Show thattheestimatedstatecovariancesatisfies,
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(c) Show thattheKalmangainsatisfies,
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What do theseresultstell you abouthow initialisation conditionsrelate to predictionand
estimationaccuracy?

2. UnderstandingtheKalmanfilter

TheKalmanfilter updateequationsbasedontheinnovationare,?@�ACB�DFE ACB�DG� ?@�ACBHDIE AJ�8K ACB�DILMACB�D *N ACB�DFE ACB�DG� N ACBHDIE A�OPK ACB�D�Q�AIB�D KSRAIB�D
(a) Usetheseequationsto deducethat thegainmatrix K ACB�D thatminimisesmeansquared

erroris givenby K ACB�D � N ACB�DFE AUT RACB�D QWV DAIB�D
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(b) Explainthemeaningof theterm T R ACB�D QWV DAIB�D .
(c) Explain how theseequationsaremodifiedif observationandprocessnoisesarecorre-

lated, !#" X A/Y#A 'Z�\[ A 0
3. Continuousanddiscretestate-spacemodels.

Consideravehicletrackingproblemwhereavehiclemovesatconstantaccelerationandmea-
surementsaremadeof vehicleposition. Let ���^]_
I*�`�W�^]_
 and a�H�b]_
 representthe vehicleposi-
tion,velocityandacceleration,and Y �b]_
 representtheuncertaintyin theprocessmodel. Fur-
therlet themeasurementof vehicleposition c �^]_
 becorruptedby measurementnoise� �^]_
 .

(a) Write down thecontinuous-timedomainsystemstateandobservationequations.

(b) Using your answerto part (1) derive from first principlesthe equivalentdiscrete-time
systemandmeasurementequations.

(c) In practice,whatconditionsmustbemetif thediscrete-modelof part(2) is to beagood
representationof thecontinuous-modelof part(1)?

4. State-spacemodelsof nonlinearsystems.

A simplediscrete-timemodelof carmotionis:de ����������
c ���6�	��
f �����	��
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gh * (3)

where ��* c * f arethe car locationandorientationrespectively, and l#���#�u��
C*vt����w�x��
 are
the forwardvelocity andsteeringangleof thecar. Assumethat l#���y�z��
 and tH���y�z��
 are
knownperfectly. As thecardrivesit is subjectto randomdisturbancessothatthetruelocation
differsfromthatwhichwouldbecomputedfromknowledgeof thevelocityandsteeringangle.
Linearisethe model (i.e. derive a first orderTaylor seriesapproximation),and usethis to
obtain(in state-spaceform) a lineardifferentialequationdescribingtheevolutionof theerror
betweentruelocationandthelocationcomputedfrom lw����
 and tH����
 .

5. Steadystateperformance

(a) Explainwhy thegainmatrix ;5���6�	��
 tendsto asteady-statevalueovertime.

(b) Considerthescalardiscrete-timelinearsystemandobservationmodel
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wherethenoiseterms������
 and � ����
 areuncorrelatedin time,with
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Computethesteady-stateestimatecovariancefor theKalmanfilter algorithmwith these
systemandobservationmodels.Hencealsocomputethesteady-stategain.

(c) Write down thesteady-stateupdateequationfor thesystemin part (b). Show that this
maysimplybeviewedasa low-passfilter, andexplain theroleof q andr in determining
thecut-off frequency of thisfilter.
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6. Constantaccelerationparticlesystem.

A caris tetheredinto a flat-bedtruckwhich initially standsat restin a loadingbay. Thetruck
thenmovesalonga straighttrackwith unit acceleration.Thelongitudinalpositionof thecar
relative to thetruck is governedby a Gaussiannoiseprocesswith unit variance.Thedistance
of the car from a fixed point in the loadingbay is measured,at successive time steps,by a
radarsensorwith Gaussianmeasurementnoiseandcovariance� $ .

(a) Derive a Kalmanfilter to estimatethe positionandvelocity of the car, relative to the
loadingbay, at successive timesteps.

(b) Show that, in the casethat � ��� , the Kalman gain reachesa steadystatevalueof;w���x��� ��O5��
��>� .
(c) What testcouldyou apply to the innovationto indicatewhethertheaccelerationof the

truckhadchanged?

7. Filter performance- innovationtest

(a) Thethreemaintestsfor thecorrectoperationof a Kalmanfilter are:

i. that � �&� of theinnovationshavemagnitudelessthan ��� ����������
 .
ii. thatthemeanof thenormalisedinnovationsequencetendsto afixedspecifiedvalue

within afixedconfidencebound.
iii. that the time-averagedauto-correlationof the innovation sequenceis zeroevery-

whereexceptat theorigin.

Explainwhy eachof thesemustbetrueandshow how they aretestedin practice.

(b) Figure1 is derivedfrom theresultsof runninga Kalmanfilter algorithmon a sequence
of measurements.Explain,giving a reasonedargument,whatis wrongwith thefilter.

8. ExtendedKalmanFilter

In what,if any, senseis theextendedKalmanfilter “optimal”?

A particleis movingwith constantvelocityalongtheline c �	� : . with approximatelyuniform
velocity subjectto a velocitydistribution with meanzeroandstrength) . It is observedusing
abearing-onlysensorlocatedat theorigin. Assumethattheobservationnoiseis � $� .

(a) Write down theprocessandobservationequationsfor thissystem.

(b) Find an expressionfor the extendedKalman filter gain matrix as a function of state
predictionandpredictioncovariance.

(c) Plot the gainmatrix asa functionof predictedtargetbearing. Explain the variationin
gainmatrixandtheeffectof low-horizonbearingonestimationaccuracy.
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Figure1: Question7: (a) innovation;(b) normalisedinnovationssquared;(c) autocorrelationof the
innovation.
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