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APPLIED ESTIMATION I

1. Jointprobabilitiesfor the discreterandomvariablesX, Z aregivenby

X=1 X=2 X=3
Z=1 0.2 0.07 0.06
Z=21] 0.09 0.1 0.01
Z=3 | 0.02 0.12 0.09
Z=4] 0.06 0.08 0.1

(a) Checkthenormalisatiorof thejoint distribution

(b) Computethe mamginal probabilitydistributionsfor X, Z.

(c) Computethe conditionaldistribution P(Z|X = 3)

(d) UseBayes'ruleto computeP(X = 3|Z = 4) usingonly informationin the previous2
parts;thenchecktheanswenby directcalculationfrom thetableabore.

2. (a) If theindependentontinuousvariablest; , 2o arenormally distributedwith meansand
variancegu;, 02, i = 1,2, derive thedistribution of their sumz; + z» (Hint: Consider
the moment generating function (Characteristic function) of the random variables)

(b) Now supposehat thosevariablesare no longerindependenbut have correlationco-
efficient p. Find the covarianceand information matricesof the vectorvariablex =
(z1,22)T. Write down thejoint densityfunctionincluding the normalisatiorconstant.

3. (a) Find the conditionaldensity function p(x2|z;) for the problemabove, including the
normalisatiorconstant.

(b) Whatarethe conditionalmeanf[z»|z] andthe conditionalvarianceV|[z,|z1]?

4. Thedataof questionl couldbetakenascharacterisingnoisysensowith outputZ, intended
to measureastateX.

(a) Giventhatameasurement = 3 hasbeentaken,whatis the MLE for X ?

(b) Now, if conditionalprobabilitiesP(Z = i| X = j) areasin parta) but prior probabilities
areasfollows:

P(X=1)=02, P(X=2)=0.5, P(X=3)=0.3
find the MAP estimatefor X .

5. Independensensordiave outputszy, 22, i = 1,2 measuringastater whichareunbiasednd
normallydistributedwith standarddeviationo;, i = 1, 2.

(a) Derive the maximumlikelihood estimateof x given single measurements;, zo from
eachsensor



(b) If alsothestateitself is known to have a prior distribution thatis normal\ (z, o2) what
is the posteriordensityfor z?

(c) If, insteadthe prior densityis givenby the exponentialdistribution

[ aexp(—az) ifz>0
p(@) = { 0 otherwise

andonly asinglesensoreadingz; is made whatis the MAP estimateor z?
(d) Supposeén partb) that

T = 10, o9 = 03, g1 = 09 = 04
andthatthe sensoreadingsare
2 = 10.5 zy = 12.0.

Whatis the MAP estimatédor x, basednthesedata?
(e) Apply validationteststo z; andzs andshav thatonesensoffails andthe otherpasses.
() Whatnow is the MAP estimatéor z in b), givenonly thevalidatedsensoreading?
6. Considera surnwillancesystemthat usesa video camerato track vehicle travelling down a
steeprampinto acarpark. Vehiclepositionattimestepn is x,,cmandfrom then — 1th to the

nth time stepthe positionof avehicleis assumedo changdy arandomdisplacemenivhose
meanis (0,0.1n)T andwhosevariances

0.1 0.1
0.1 0.3

(a) If theinitial meanandcovarianceof the vehicles position(attimen = 0) are

100 and 10 10
100 10 20
whatis the probability distribution aftern = 100 time-steps?

(b) Now atwo-dimensionaieasuremenrd; of vehiclepositionis madethatis unbiasedand
with arandomerrorthatis normalandisotropic— ie suchthatits standardieviationin
ary directionis constant— andthevalueof thats.d.is 10cm. If z; = (90,600)7 what
now is the posteriordistribution for the vehicle’s position?

(c) After afurther10 timestepsasecondmeasuremens to bemade.Whatis the effective
prior densityfor x, justbeforemakingthe new measurement?

(d) Thesecondneasurement, = 700 is madeby adifferentsensothatis one-dimensional,
measuringlistancdn they directiononly. It is abiasedsensothatunderreadsby 4cm
andhasrandomerrorwith s.d.5cm. Whatnow is the posteriordensityof the position?

(e) Write amatlab functionthatwould plot eachof thesedistributionsascovarianceellipses
(andplot them,if youlike).

7. Data
(X, Yn) = (0,0), (1,1), (2,1.8), (3,2.5)
is givenin which thevarianceassociateavith theY,, is

constanfor all n.



(a) Usetherecursve least-squarealgorithmto fit alinearfunctionto thedata.

(b) Compareyourresultwith the“batch” algorithmthatuseghepseudo-inerseof the“Van-
dermonde’matrix (seeEngineeringComputatior2ndyearnotes).

Answers
2.b)p(X) = K~ exp —1(x — %)TS(x — x) with K = 2701021/1 — p? and

g—_1 (1/a§ —p/olaz)

1—p2 \ —plowoz 1[0}
3. a)a:2|:c1 ~ N(i‘z,()’é) with
_ g2 1 2
arg—u2+0—1p(:c1—u1) and o) = 094y/1 — p2.
4.2)X =3;b) X =2.
5.¢)

4= zl—aa% if 21 Zaaf
10 otherwise

a)Normal NV (x, P) with
(100 5_ (2 20
=605 )0 " T2 50
b) Normal N (%, P) with
. [ 97.95 p_ (148 114
*= 60227 )0 T T\ 114 318
c) Normal N/ (%', P') with
o (9795 p_ (158 124
—\ rov.rr ) T\ 124 3438
d) Normal NV (x', P') with
o (9717 pr_ (1321 517
T\ 705.57 )° —\ 517 1455

7.a)Y =0.08 +0.83X.



