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APPLIED ESTIMATION I

1. Jointprobabilitiesfor thediscreterandomvariables
�����

aregivenby���	� ����
 ����
�����
0.2 0.07 0.06����

0.09 0.1 0.01����

0.02 0.12 0.09�����
0.06 0.08 0.1

(a) Checkthenormalisationof thejoint distribution

(b) Computethemarginalprobabilitydistributionsfor
�����

.

(c) Computetheconditionaldistribution ��� ��� ����
��
(d) UseBayes’rule to compute��� ����
�� �������

usingonly informationin theprevious2
parts;thenchecktheanswerby directcalculationfrom thetableabove.

2. (a) If theindependentcontinuousvariables� � � �"! arenormallydistributedwith meansand
variances#%$ �'& !$ �)(*�+���,


, derive thedistributionof their sum �-�/.0��! (Hint: Consider
the moment generating function (Characteristic function) of the random variables)

(b) Now supposethat thosevariablesareno longer independentbut have correlationco-
efficient 1 . Find the covarianceand informationmatricesof the vectorvariable 2 ��3� � � � ! �54 . Write down thejoint densityfunctionincluding thenormalisationconstant.

3. (a) Find the conditionaldensity function 67�8� ! � � � � for the problemabove, including the
normalisationconstant.

(b) Whataretheconditionalmean9*: � ! � � ��; andtheconditionalvariance<=: � ! � � ��; ?
4. Thedataof question1 couldbetakenascharacterisinganoisysensorwith output

�
, intended

to measureastate
�

.

(a) Giventhata measurement
���>


hasbeentaken,whatis theMLE for
�

?

(b) Now, if conditionalprobabilities��� ����(�� ���@?A�
areasin parta)but prior probabilities

areasfollows: ��� �����B�C��DFEG
H� ��� ����
��C��DIE JF� ��� �K�>
��C��DIE 

find theMAP estimatefor

�
.

5. IndependentsensorshaveoutputsLM� � LN! �%()�	���,

measuringastate� whichareunbiasedand

normallydistributedwith standarddeviation
& $ �O(P���Q��


.

(a) Derive the maximumlikelihoodestimateof � given singlemeasurementsLM� � LN! from
eachsensor.
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(b) If alsothestateitself is known to havea prior distribution thatis normalR	� � �'& !S � what
is theposteriordensityfor � ?

(c) If, instead,theprior densityis givenby theexponentialdistribution

6O�3� �*�UTWV*XZYA[ �5\ V � �^]`_ �ba DD cQd'e Xgf'h ]ji X
andonly a singlesensorreadingLM� is made,whatis theMAP estimatefor � ?

(d) Supposein partb) that � �k�gDI�O& S �>DIE 
I�l& � �>& ! ��DIE �
andthatthesensorreadingsare L � ���gDIE J L ! �	�N
HE DFE
Whatis theMAP estimatefor � , basedon thesedata?

(e) Apply validationteststo LM� and LN! andshow thatonesensorfailsandtheotherpasses.

(f) Whatnow is theMAP estimatefor � in b), givenonly thevalidatedsensorreading?

6. Considera surveillancesystemthat usesa video camerato track vehicle travelling down a
steeprampinto acarpark.Vehiclepositionat timestepm is 2%n cmandfrom the m�\ �

th to them th timestepthepositionof avehicleis assumedto changeby arandomdisplacementwhose
meanis � DI�'DIE`� m �54 andwhosevarianceiso DIE`�pDFEq�DIE`�pDFE 
sr

(a) If theinitial meanandcovarianceof thevehicle’sposition(at time m ��D
) areo �gD�D�gD�D@rutQvIw o �BD �gD�BDx
MD@r

whatis theprobabilitydistributionafter m �k�BDQD
time-steps?

(b) Now atwo-dimensionalmeasurementy�� of vehiclepositionis madethatis unbiasedand
with a randomerrorthatis normalandisotropic— ie suchthatits standarddeviation in
any directionis constant— andthevalueof thats.d. is 10cm. If y�� � �3z DF�'{�DQD�� 4 what
now is theposteriordistribution for thevehicle’sposition?

(c) After a further
�gD

timesteps,a secondmeasurementis to bemade.Whatis theeffective
prior densityfor 2 , justbeforemakingthenew measurement?

(d) ThesecondmeasurementLB! ��|}D�D
is madeby adifferentsensorthatis one-dimensional,

measuringdistancein the ~ directiononly. It is a biasedsensorthatunder-readsby
�
cm

andhasrandomerrorwith s.d.5cm.Whatnow is theposteriordensityof theposition?

(e) Write amatlab functionthatwouldplot eachof thesedistributionsascovarianceellipses
(andplot them,if you like).

7. Data � � n �'� n �*� � DF�,D���� � ���Z�N��� � 
H�g�QE ����� � 
I�,
HEGJQ�
is givenin which thevarianceassociatedwith the

� n is& !n ��& ! �
constantfor all m .
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(a) Usetherecursive least-squaresalgorithmto fit a linearfunctionto thedata.

(b) Compareyourresultwith the“batch”algorithmthatusesthepseudo-inverseof the“Van-
dermonde”matrix (seeEngineeringComputation2ndyearnotes).

Answers

2. b) 67�3� �C����� � X�YH[ \ �! �82�\��2 � 47� �82l\��2 � with
�K��
}�%& � & !�� � \�1 ! and

� � �� \�1 ! o �N�M& !� \�1 �}& � & !\�1 �}& � & ! �}�}& !! r
3. a) �"! � � � � R	� ��"! �,&-�! � with

��"! � #%!/. & !& � 1"�3� ��\�#O� � tQvIw & �! �>& ! � � \�1 ! E
4. a) �����


; b) ��K��

.

5. c) �� �+T LM�/\ V & !� ]�_ L}�=a V & !�D cMd'e XZf,h ]qi X
6.

a) Normal R	���2 � �� � with

�2 � o �BDQD{�D�J@r � �� � o 
MDx
QD
MDxJQD0r
b) Normal R	� �2 � � � with

�2 � o z |HE z J{QD�
HEG
�|�r � � � o �Z�IE � �Q��E ��Q�QE �x
F��E �0r
c) Normal R	� �2 � � �� � � with

�2 � � o z |AE z J|MD�|AE�|Q| r � �� � o �BJFE � �N
HE ��B
FE �x
Q�IE � r
d) Normal R	� �2 ��� � �q� with

�2 � � o z |AEq�N||}D�JFE J�|�r � � � � o �g
IE 
F��JFE`�}|JHEq�N| �g�IEGJQJ@r
7. a)

����DFE DQ� . DIE ��
M�
.
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