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Evolutionary Algorithms (EAs)
• Evolutionary algorithms are general purpose 

algorithms.
• follow Darwin's principle (survival of the fittest).
• work with a set of solutions called population.
• parent population produces offspring population by 

variation operators (mutation, crossover).
• select individuals from the parents and children to 

create new parent population.
• Iterate the process until a “good solution” has been 

found.
• EAs are adaptive and often yield good solutions for 

complex, dynamic and/or stochastic problems

University of Adelaide 3



Motivation

• Diversity plays a crucial role in evolutionary computation
• Diversity 

– prevents premature convergence
– enables successful crossover
– allows to compute set of Pareto optimal solutions for multi-

objective problems 
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Diversity
• Majority of approaches consider diversity in the objective space.
• Ulrich/Thiele considered diversity in the search space (Tamara 

Ulrich’s PhD thesis “Exploring Structural Diversity in Evolutionary 
Algorithms”, ETH Zurich, 2012).

• Diversity with respect to other properties (features) could be useful 
in various domains.

Goal: 
• Compute a  set of good solutions that differ in terms of interesting 

properties/features.
– Think of good designs that vary with respect to important properties.

• The goal is to maximize diversity for a set of  high quality solutions. 
• This is different from the standard use of diversity in evolutionary 

computation where diversity is used to avoid premature 
convergence.
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Evolutionary Diversity Optimisation (EDO)

Here, we aim for a set of solutions (P) for a given 
optimisation problem that all have acceptable quality but 
differ in terms of some structural properties:
 
𝐷 𝑃 → 𝑀𝑎𝑥
𝑠𝑡:
𝑐 𝑝! ≤ 𝑐"#$ 	 ∀	𝑝! ∈ 𝑃 
Advantages:

– Enables decision-makers to choose from different alternatives.
– Provides us with valuable information on the solution space. 
– Aides when the problem slightly changes.

University of Adelaide 6



Quality Diversity
• Quality Diversity (QD) approaches aim to compute the 

best possible solution in sections of a given 
behavioral/feature space.

• This provides a different way of solving a problem 
compared to classical approaches.

• It gives high quality solutions with respect to different 
features combinations and the use of QD often also leads 
to an overall better performing solution.

• QD has been mainly used in the area of robotics, games, 
etc.

• Some recent studies on using it for combinatorial 
optimization problems.
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EDO vs QD

• EDO works with fixed population size and imposes a diversity 
measure. It aims to maximize diversity among sets of 
solutions meeting a given quality criterion.

• QD (map elites versions) works with increasing population 
size and partitions feature/behavioral space into boxes and 
improve the quality of the solution in each box.
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Application Areas

Optimisation:
• Present set of diverse high quality solutions (instead of 

single one) to enable discussion for further refinement. 
• See how good solutions distribute with respect to 

components and/or important features of solutions.

Automated machine learning (AutoML):
• Understand algorithm performance with respect to 

important features through diverse problem instances.
• Construct diverse sets of problem instances for algorithm 

selection and configuration.
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Diverse Sets of Solutions in Optimization

berlin52.tsp

Optimal tour

1.05-approx.

10



Diversity optimization for the detection and concealment of 
spatially defined communication networks.

(A. Neumann, S. Goulder, X. Yan, G. Sherman, B. Campbell, M. Guo, F. Neumann,
GECCO 2023)
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Problem in Communication Networks

• We consider the problem of constructing a wireless 
communication network for a given set of entities.

• Goals:
• Enable communication between entities but minimize 

the area covered by the senders’ transmissions while 
also avoiding adversaries that may observe the 
communication.

• Compute diverse sets of high-quality solutions to 
provide a variety of structural different options to 
decision makers.
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Adversarial Minimum Area Spanning Forest (AMASF) 
Problem
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Opitmization problem:
Find spanning forest with minimal 
number of connected components 
that minimizes the area.

Diversity optimization problem: 
Compute a set of high quality solutions that 
has edges distributed as equally as possible.



EDO for AMASF 
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Visualization 
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EDO for Communication Networks
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Evolutionary diversity optimisation in constructing 
satisfying assignments.

(A. Nikfarjam, R. Rothenberger, F. Neumann, T. Friedrich, GECCO 2023)

University of Adelaide 17



SAT

• SAT include determining the existence of an assignment 
satisfying a Boolean formula. Consider 𝑋 = 𝑥%, … , 𝑥& , a 
Boolean formula in CNF can be:

𝑥! ∨ ¬𝑥"# ∨ 𝑥#
∧
¬𝑥$%# ∨ ¬𝑥& ∨ 𝑥"
∧
…
∧
𝑥' ∨ ¬𝑥$ ∨ 𝑥""

University of Adelaide 18



Algorithms
Here, we use a SAT solver (minisat, Niklas Eén and Niklas Sörensson (2003) ) to 
solve a formula.

Question: how can we make the solver to generate a diverse set of 
assignments?

By adding new clauses, we can force a SAT solver to generate 
distinctive assignments.

Algorithms:
1. Basic
2. Bitflip EA
3. EDO algorithm
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Basic algorithm
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• Consider the following assignment:

• We can forbid it by adding the following clause:

𝑥% ∨ ¬𝑥' ∨ ¬𝑥( ∨ 𝑥) ∨ 𝑥* ∨ ¬𝑥+ ∨ ¬𝑥+

F T T F F T T



Bitflip algorithm
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• Consider the following assignment:

• We can fix the negated variables by adding the following 
clauses:

¬𝑥(
∧
𝑥*

• Then, we iteratively generate an offspring using a SAT 
solver, and remove an individual with the least 
contribution to the diversity. 

F T T F F T T



EDO algorithm
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• Consider the following assignment:

F T T F F T T

3 5

T F



Operators
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where A (G8 ) is the number of occurrences of G8 in the formula. It
is bene�cial to know the maximum diversity for the measures. It
can be used as an upperbound to evaluate a diversity of a set of
solutions. We can calculate the optimal 5 (G) from 3⌘ (G )

35 (G ) = 0; Thus,
the contribution of a variable is at maximum when:

5 (G) = ` · 4�1

Let denote the optimal 5 (G) by 5 ⇤. Since there is no limitations
on the number of true variables in % , �1 and �2 are maximum
when {5 (G) = 5 ⇤ |8G 2 - }. Then, we can calculate�<0G

1 and�<0G
2

form :

�<0G
1 = = · 5 ⇤

�<0G
2 = ⇠ · 5 ⇤

where ⇠ is the number of the literals in �.

3 DIVERSITY ALGORITHMS
In this paper, we compute a diverse set of assignments for a given
SAT problem using the well-known SAT solver minisat. A basic
approach to compute % for an SAT problem is to forbid the current
assignment by adding a clause to the formula and using the solver
to generate another one. For constructing the clause, we can easily
make a disjunction of the literals where each literal is the �ipped
associated variable in the assignment. This method only sometimes
leads to a diverse set of assignments. Algorithm 1 outlines the steps
required for this approach.

Algorithm 1 The basic algorithm

1: while |% | < ` do
2: Solve the SAT problem by the solver.
3: if A satisfying assignment G was found then
4: Add G to % .
5: Add a clause forbidding G to �.
6: else
7: Break.

EDO is another method to compute a diverse set of assignments.
We can �x some variables to true or false and then use the solver
(minisat) to determine a satisfying assignment with those �xed
variables. Afterwards, we can employ EDO approaches to maximise
diversity. Here, the question is how to choose the �xed variables. In
line with most EDO algorithms in the literature, we can randomly
select one of the current solutions and, by standard bit �ip mutation,
�ip some of the variable assignments and �x them. In contrast
to the standard bit-�ip mutation, where the rest of the variables
remain unchanged, the solver determines the value for the other
variables. Algorithm 2 describes this approach. First, we �nd the
�rst satisfying assignment for � by minisat and add it to % . Then,
we select a solution in % uniformly at random and choose and �ip
some variables by the bit-�ip mutation. After adding clauses to �
that �x the selected variables, we solve � by minisat. If a satisfying
assignment is found, we add it to % ; Then, if |% | > `, we remove
an assignment G with the least contribution to the diversity of % .
Finally, we remove the clauses �xing the variables from �. We
repeat these steps until a termination criterion is met.

Algorithm 2 The bit-�ip evolutionary algorithm
1: Solve the SAT problem by the solver, and add G to % .
2: while A termination criterion is met do
3: Select an assignment G from % uniformly at random.
4: Select and �ip each variable independently with probability

1
= .

5: Add clauses �xing the selected variables to �
6: Solve � and determine un�xed variables by the solver.
7: if A satisfying assignment G was found then
8: if |% | > ` then
9: Add G to % .
10: Remove one individual G from % , where G =

argmaxG2% � (% \ {G}).
11: Remove the clauses that �xing the variables from �.

Algorithm 3 The EDO algorithm

1: while |% | < ` do
2: Randomly �x ; variables (determine ~).
3: Add the clauses that �x the variables in ~ to � and solve it

by the solver.
4: if A satisfying assignment G was found then
5: Add G to % and ~ to . .
6: Remove the clauses �xing the variables from �.
7: while A termination criterion is met do
8: Randomly select one (two) parent(s) ~8 (~ 9 ) from . .
9: Generate a new solution ~> by mutation or crossover + mu-

tation.
10: Add clauses that �x the variables in ~> to � and solve the

SAT problem.
11: if A satisfying assignment G is found then
12: Add G to % and ~> to . .
13: Remove one individual G from % , where G =

argmaxG2% � (% \ {G}), and the corresponding solution ~
from . .

14: Remove the clauses �xing the variables from �.

6 2 9
T F T

6 2 9 5
T F T F

6 9
T T

8 2 9
F F T

6 2 9
T F T

6 2 9
T F T

Adding a new Variable 

Remove a variable

Changing a variable

(a) Mutation

6 2 9 5
T F T F

7 3
T F

7 2 5
T F F

7 2 5
T F F

Independently select each 
variable and its values from the 

parents.  

Remove the empty cells. Add empty cells to the parent 
with less variables to have an 

equal size.

(b) Crossover

Figure 1: The representation of solution ~, the mutation, and
the crossover in the EDO algorithm 3.University of Adelaide 23
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Table 1: The diversity obtained from the algorithms using �1 as the �tness function in 30 independent runs. Stat shows the
results of Kruskal-Wallis statistical test at a 5% signi�cance level with Bonferroni correction. In row Stat, the notation -+

means the median of the measure (�1) is better than the one for variant - , - � means it is worse, and - ⇤ indicates no signi�cant
di�erence.

Basic 1 Bit-�ip 2 EDO 3 Mutation EDO 3 Crossover+Mutation

m �1 �2 Stat (1) �1 �2 Stat (2) �1 �2 Stat (3) �1 �2 Stat (4)

210 0.055 0.016 2�3�4� 0.753 0.839 1+3�4� 0.962 0.959 1+2+4⇤ 0.953 0.955 1+2+3⇤

220 0.052 0.011 2�3�4� 0.721 0.818 1+3�4� 0.945 0.938 1+2+4⇤ 0.932 0.933 1+2+3⇤

230 0.055 0.019 2�3�4� 0.738 0.823 1+3�4� 0.937 0.932 1+2+4⇤ 0.925 0.925 1+2+3⇤

240 0.046 0.007 2�3�4� 0.731 0.808 1+3�4� 0.933 0.927 1+2+4⇤ 0.921 0.924 1+2+3⇤

250 0.171 0.135 2�3�4� 0.774 0.851 1+3�4� 0.928 0.918 1+2+4⇤ 0.911 0.915 1+2+3⇤

260 0.114 0.075 2�3�4� 0.765 0.832 1+3�4� 0.925 0.909 1+2+4⇤ 0.914 0.904 1+2+3⇤

270 0.089 0.061 2�3�4� 0.757 0.823 1+3�4� 0.911 0.893 1+2+4⇤ 0.896 0.886 1+2+3⇤

280 0.172 0.143 2�3�4� 0.76 0.828 1+3�4� 0.907 0.897 1+2+4⇤ 0.886 0.885 1+2+3⇤

290 0.14 0.083 2�3�4� 0.826 0.842 1+3�4� 0.912 0.878 1+2+4+ 0.9 0.874 1+2+3�

300 0.272 0.235 2�3�4� 0.825 0.825 1+3�4� 0.902 0.856 1+2+4⇤ 0.895 0.857 1+2+3⇤

310 0.191 0.156 2�3�4� 0.776 0.777 1+3�4⇤ 0.862 0.814 1+2+4⇤ 0.844 0.806 1+2⇤3⇤

320 0.099 0.051 2�3�4� 0.478 0.424 1+3�4⇤ 0.611 0.489 1+2+4⇤ 0.591 0.478 1+2⇤3⇤

330 0.169 0.135 2�3�4� 0.544 0.503 1+3�4⇤ 0.666 0.56 1+2+4⇤ 0.643 0.547 1+2⇤3⇤

340 0.182 0.129 2�3�4� 0.627 0.562 1+3�4� 0.73 0.611 1+2+4⇤ 0.717 0.603 1+2+3⇤

350 0.157 0.113 2�3�4� 0.534 0.496 1+3�4⇤ 0.61 0.532 1+2+4⇤ 0.605 0.531 1+2⇤3⇤

360 0.089 0.047 2�3�4� 0.531 0.501 1+3�4⇤ 0.606 0.537 1+2+4⇤ 0.6 0.535 1+2⇤3⇤

370 0.156 0.11 2�3�4� 0.425 0.339 1+3�4� 0.535 0.394 1+2+4⇤ 0.529 0.392 1+2+3⇤

380 0.161 0.121 2�3�4� 0.437 0.344 1+3�4⇤ 0.498 0.375 1+2+4⇤ 0.491 0.372 1+2⇤3⇤

Table 2: The diversity obtained from the algorithms using �1 as the �tness function. The variables appear in clauses based on a
uniform distribution with = = 100 and : = 3. The notations are in line with Table 1

Basic 1 Bit-�ip 2 EDO 3 Mutation EDO 3 Crossover+Mutation

m �1 �2 Stat (1) �1 �2 Stat (2) �1 �2 Stat (3) �1 �2 Stat (4)

270 0.295 0.28 2�3�4� 0.859 0.889 1+3�4� 0.942 0.947 1+2+4⇤ 0.94 0.948 1+2+3⇤

280 0.241 0.217 2�3�4� 0.867 0.879 1+3�4� 0.944 0.943 1+2+4⇤ 0.944 0.946 1+2+3⇤

290 0.202 0.186 2�3�4� 0.834 0.848 1+3�4� 0.937 0.938 1+2+4⇤ 0.939 0.941 1+2+3⇤

300 0.183 0.175 2�3�4� 0.877 0.888 1+3�4� 0.943 0.943 1+2+4⇤ 0.946 0.946 1+2+3⇤

310 0.09 0.078 2�3�4� 0.875 0.893 1+3�4� 0.943 0.946 1+2+4⇤ 0.945 0.948 1+2+3⇤

320 0.062 0.051 2�3�4� 0.884 0.894 1+3�4� 0.936 0.939 1+2+4⇤ 0.937 0.94 1+2+3⇤

330 0.157 0.137 2�3�4� 0.885 0.895 1+3�4� 0.927 0.927 1+2+4⇤ 0.932 0.934 1+2+3⇤

340 0.135 0.117 2�3�4� 0.898 0.905 1+3�4� 0.928 0.927 1+2+4⇤ 0.933 0.933 1+2+3⇤

350 0.073 0.062 2�3�4� 0.895 0.903 1+3�4� 0.916 0.918 1+2+4⇤ 0.918 0.92 1+2+3⇤

360 0.08 0.067 2�3�4� 0.866 0.875 1+3�4� 0.893 0.896 1+2+4⇤ 0.898 0.903 1+2+3⇤

370 0.084 0.07 2�3�4� 0.851 0.862 1+3�4� 0.884 0.886 1+2+4⇤ 0.891 0.895 1+2+3⇤

380 0.058 0.042 2�3�4� 0.846 0.855 1+3�4� 0.876 0.879 1+2+4⇤ 0.877 0.88 1+2+3⇤

390 0.178 0.178 2�3�4� 0.822 0.822 1+3⇤4� 0.832 0.829 1+2⇤4⇤ 0.835 0.832 1+2+3⇤

400 0.226 0.215 2�3�4� 0.637 0.622 1+3�4� 0.648 0.63 1+2+4⇤ 0.647 0.629 1+2+3⇤

410 0.105 0.098 2�3�4� 0.674 0.669 1+3�4� 0.693 0.685 1+2+4⇤ 0.693 0.684 1+2+3⇤

420 0.125 0.118 2�3�4� 0.603 0.592 1+3⇤4� 0.612 0.599 1+2⇤4⇤ 0.613 0.6 1+2+3⇤

430 0.153 0.146 2�3�4� 0.311 0.299 1+3⇤4� 0.326 0.309 1+2⇤4⇤ 0.326 0.309 1+2+3⇤

440 0.059 0.047 2�3�4� 0.352 0.335 1+3�4� 0.366 0.346 1+2+4⇤ 0.366 0.347 1+2+3⇤
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Table 1: The diversity obtained from the algorithms using �1 as the �tness function in 30 independent runs. Stat shows the
results of Kruskal-Wallis statistical test at a 5% signi�cance level with Bonferroni correction. In row Stat, the notation -+

means the median of the measure (�1) is better than the one for variant - , - � means it is worse, and - ⇤ indicates no signi�cant
di�erence.

Basic 1 Bit-�ip 2 EDO 3 Mutation EDO 3 Crossover+Mutation

m �1 �2 Stat (1) �1 �2 Stat (2) �1 �2 Stat (3) �1 �2 Stat (4)

210 0.055 0.016 2�3�4� 0.753 0.839 1+3�4� 0.962 0.959 1+2+4⇤ 0.953 0.955 1+2+3⇤

220 0.052 0.011 2�3�4� 0.721 0.818 1+3�4� 0.945 0.938 1+2+4⇤ 0.932 0.933 1+2+3⇤

230 0.055 0.019 2�3�4� 0.738 0.823 1+3�4� 0.937 0.932 1+2+4⇤ 0.925 0.925 1+2+3⇤

240 0.046 0.007 2�3�4� 0.731 0.808 1+3�4� 0.933 0.927 1+2+4⇤ 0.921 0.924 1+2+3⇤

250 0.171 0.135 2�3�4� 0.774 0.851 1+3�4� 0.928 0.918 1+2+4⇤ 0.911 0.915 1+2+3⇤

260 0.114 0.075 2�3�4� 0.765 0.832 1+3�4� 0.925 0.909 1+2+4⇤ 0.914 0.904 1+2+3⇤

270 0.089 0.061 2�3�4� 0.757 0.823 1+3�4� 0.911 0.893 1+2+4⇤ 0.896 0.886 1+2+3⇤

280 0.172 0.143 2�3�4� 0.76 0.828 1+3�4� 0.907 0.897 1+2+4⇤ 0.886 0.885 1+2+3⇤

290 0.14 0.083 2�3�4� 0.826 0.842 1+3�4� 0.912 0.878 1+2+4+ 0.9 0.874 1+2+3�

300 0.272 0.235 2�3�4� 0.825 0.825 1+3�4� 0.902 0.856 1+2+4⇤ 0.895 0.857 1+2+3⇤

310 0.191 0.156 2�3�4� 0.776 0.777 1+3�4⇤ 0.862 0.814 1+2+4⇤ 0.844 0.806 1+2⇤3⇤

320 0.099 0.051 2�3�4� 0.478 0.424 1+3�4⇤ 0.611 0.489 1+2+4⇤ 0.591 0.478 1+2⇤3⇤

330 0.169 0.135 2�3�4� 0.544 0.503 1+3�4⇤ 0.666 0.56 1+2+4⇤ 0.643 0.547 1+2⇤3⇤

340 0.182 0.129 2�3�4� 0.627 0.562 1+3�4� 0.73 0.611 1+2+4⇤ 0.717 0.603 1+2+3⇤

350 0.157 0.113 2�3�4� 0.534 0.496 1+3�4⇤ 0.61 0.532 1+2+4⇤ 0.605 0.531 1+2⇤3⇤

360 0.089 0.047 2�3�4� 0.531 0.501 1+3�4⇤ 0.606 0.537 1+2+4⇤ 0.6 0.535 1+2⇤3⇤

370 0.156 0.11 2�3�4� 0.425 0.339 1+3�4� 0.535 0.394 1+2+4⇤ 0.529 0.392 1+2+3⇤

380 0.161 0.121 2�3�4� 0.437 0.344 1+3�4⇤ 0.498 0.375 1+2+4⇤ 0.491 0.372 1+2⇤3⇤

Table 2: The diversity obtained from the algorithms using �1 as the �tness function. The variables appear in clauses based on a
uniform distribution with = = 100 and : = 3. The notations are in line with Table 1

Basic 1 Bit-�ip 2 EDO 3 Mutation EDO 3 Crossover+Mutation

m �1 �2 Stat (1) �1 �2 Stat (2) �1 �2 Stat (3) �1 �2 Stat (4)

270 0.295 0.28 2�3�4� 0.859 0.889 1+3�4� 0.942 0.947 1+2+4⇤ 0.94 0.948 1+2+3⇤

280 0.241 0.217 2�3�4� 0.867 0.879 1+3�4� 0.944 0.943 1+2+4⇤ 0.944 0.946 1+2+3⇤

290 0.202 0.186 2�3�4� 0.834 0.848 1+3�4� 0.937 0.938 1+2+4⇤ 0.939 0.941 1+2+3⇤

300 0.183 0.175 2�3�4� 0.877 0.888 1+3�4� 0.943 0.943 1+2+4⇤ 0.946 0.946 1+2+3⇤

310 0.09 0.078 2�3�4� 0.875 0.893 1+3�4� 0.943 0.946 1+2+4⇤ 0.945 0.948 1+2+3⇤

320 0.062 0.051 2�3�4� 0.884 0.894 1+3�4� 0.936 0.939 1+2+4⇤ 0.937 0.94 1+2+3⇤

330 0.157 0.137 2�3�4� 0.885 0.895 1+3�4� 0.927 0.927 1+2+4⇤ 0.932 0.934 1+2+3⇤

340 0.135 0.117 2�3�4� 0.898 0.905 1+3�4� 0.928 0.927 1+2+4⇤ 0.933 0.933 1+2+3⇤

350 0.073 0.062 2�3�4� 0.895 0.903 1+3�4� 0.916 0.918 1+2+4⇤ 0.918 0.92 1+2+3⇤

360 0.08 0.067 2�3�4� 0.866 0.875 1+3�4� 0.893 0.896 1+2+4⇤ 0.898 0.903 1+2+3⇤

370 0.084 0.07 2�3�4� 0.851 0.862 1+3�4� 0.884 0.886 1+2+4⇤ 0.891 0.895 1+2+3⇤

380 0.058 0.042 2�3�4� 0.846 0.855 1+3�4� 0.876 0.879 1+2+4⇤ 0.877 0.88 1+2+3⇤

390 0.178 0.178 2�3�4� 0.822 0.822 1+3⇤4� 0.832 0.829 1+2⇤4⇤ 0.835 0.832 1+2+3⇤

400 0.226 0.215 2�3�4� 0.637 0.622 1+3�4� 0.648 0.63 1+2+4⇤ 0.647 0.629 1+2+3⇤

410 0.105 0.098 2�3�4� 0.674 0.669 1+3�4� 0.693 0.685 1+2+4⇤ 0.693 0.684 1+2+3⇤

420 0.125 0.118 2�3�4� 0.603 0.592 1+3⇤4� 0.612 0.599 1+2⇤4⇤ 0.613 0.6 1+2+3⇤

430 0.153 0.146 2�3�4� 0.311 0.299 1+3⇤4� 0.326 0.309 1+2⇤4⇤ 0.326 0.309 1+2+3⇤

440 0.059 0.047 2�3�4� 0.352 0.335 1+3�4� 0.366 0.346 1+2+4⇤ 0.366 0.347 1+2+3⇤

University of Adelaide 25

Uniform distribution instances
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Traveling Thief Problem (TTP)
• TTP combines TSP and KP into a multi-component problem
• Given n cities i, 1 ≤ i ≤ n, distances dij between them, and for each 

city i a set of items Mi (each item has a profit and weight), find a tour 
(Π) and a packing plan (P) such that the overall benefit is maximal.

• Vehicle (thief) travels along the chosen tour and weight of already 
packed items slows down the vehicle (thief).

University of Adelaide

2 3

4
5

M3 ={e31, e32, …, e3m3}

1 Visit all the cities exactly once, pick some items 
into the knapsack, and return to the first city.
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Traveling Thief Problem (TTP)
• Fitness is given by 

• We aim to compute a diverse set of high-quality solutions 
differing in TSP and KP score.

• Behavioral descriptor presents the length of the tour (f ) and 
the value of items collected (g), 

University of Adelaide

4

were competitive to the state-of-the-art on a di↵erent range of TTP instances.
Wagner et al. [22] found in a study involving 21 approximate TTP algorithms
that only a small subset of them is necessary to form a well-performing algorithm
portfolio.

However, due to the lack of exact methods, the above approximate ap-
proaches cannot be evaluated with respect to their accuracy even on small TTP
instances. To address this issue, we propose three exact techniques and addi-
tional benchmark instances, which help to build a more comprehensive review
of the approximate approaches.

In the remainder, we revisit the definition of the TTP in Section 2 and in-
troduce our exact approaches in Section 3. In Section 4, we elaborate on the
setup of our experiments and compare our approaches with the best approxi-
mate solutions and with our own hybrid algorithms. The conclusion is drawn in
Section 5.

2 Problem Statement

In this section, we present the problem formulation concisely. For a comprehen-
sive description, we refer the interested reader to [17].

Given is a set of cities N = {1, . . . , n} and a set of items M = {1, . . . ,m}.
City i, i = 2, . . . , n, contains a set of items Mi = {1, . . . ,mi}, M = [

i2N
Mi. Item

k positioned in the city i is characterised by its profit pik and weight wik. The
thief must visit each of the cities exactly once starting from the first city and
return back to it in the end. The distance dij between any pair of cities i, j 2 N
is known. Any item may be selected as long as the total weight of collected
items does not exceed the capacity C. A renting rate R is to be paid per each
time unit taken to complete the tour. Respectively, �max and �min denote the
maximal and minimum speeds that the thief can move. Assume that there is
a binary variable yik 2 {0, 1} such that yik = 1 i↵ item k is chosen in city i.
The goal is to find a tour ⇧ = (x1, . . . , xn), xi 2 N , along with a packing plan
P = (y21, . . . , ynmn) such that their combination [⇧, P ] maximises the reward
given in the form the following objective function.

Z([⇧, P ]) =
nX

i=1

miX

k=1

pikyik �R

 
dxnx1

�max � ⌫Wxn

+
n�1X

i=1

dxixi+1

�max � ⌫Wxi

!
(1)

where ⌫ = (�max � �min) /C is a constant value defined by input parameters.
The minuend is the sum of all packed items’ profits and the subtrahend is the
amount that the thief pays for the knapsack’s rent equal to the total traveling
time along ⇧ multiplied by R. In fact, the actual travel speed along the distance
dxixi+1 depends on the accumulated weight Wxi =

Pi
j=1

Pmj

k=1
wjkyjk of the

items collected in the preceding cities 1, . . . , i. This then slows down the thief
and has an impact on the overall benefit Z.

profits

Renting rate
Travel from city i to i+1 in π

Travel from last city to first city

Our results show that the large majority of the instances that can be handled by ex-
act methods, are solved much quicker by dynamic programming than the previously
developed mixed integer programming and branch-infer-and-bound approaches. Con-
sidering instances with a larger profit and weight range, we show that the choice of the
approximation guarantee significantly impacts the runtime behaviour.

The paper is structured as follows. In Section 2, we introduce the problem. We
present the exact dynamic programming approach in Section 3 and design a FPTAS
in Section 4. Our experimental results are shown in Section 5. Finally, we finish with
some conclusions.

Problem Statement

The PWT can be formally defined as follows. Given are n + 1 cities, distances di,
1 ≤ i ≤ n, from city i to city i + 1, and a set of items M , |M | = m, distributed all
over the first n cities. W.l.o.g., we assume m = Ω(n) to simplify our notations. Each
city i, 1 ≤ i ≤ n, contains a set of items Mi ⊆ M , |Mi| = mi. Each item eij ∈ Mi,
1 ≤ j ≤ mi, is characterised by its positive integer profit pij and weight wij .

In addition, a fixed route N = (1, 2, ..., n+ 1) is given that is traveled by a vehicle
with velocity v ∈ [vmin, vmax]. Let xij ∈ {0, 1} be a variable indicating whether
or not item eij is chosen in a solution. Then a set S ⊆ M of selected items can be
represented by a decision vector x = (x11, x12, ..., x1m1

, x21, ..., xnmn
). The total

benefit of selecting a subset of items S is calculated as

B(x) = P (x) −R · T (x),

where

P (x) =
n
∑

i=1

mi
∑

j=1

pijxij

represents the total profit of selected items and

T (x) =
n
∑

i=1

di

vmax − ν
i
∑

k=1

mk
∑

j=1
wkjxkj

is the total travel time for the vehicle carrying these items.
Here, ν = vmax−vmin

W
is the constant defined by the input parameters, where W is

the capacity of the vehicle. T (x) has the following interpretation: when the vehicle is
traveling from city i to city i+1, the selected items have to be carried and the maximal
speed vmax of the vehicle is reduced by a normalised amount that depends linearly on
the weight of these items. Because the velocity is influenced by the weight of collected
items, the total travel time increases along with their weight. Given a renting rate R ∈
(0,∞), R · T (x) is the total cost of carrying the items chosen by x. The objective of
this problem is to find a solution x∗ = argmaxx∈{0,1}mB(x).

3

is paid for the knapsack per time unit

cumulative weight of the items 

traveling speed 
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Heuristics

• TTP consists of two parts:
– Choose TSP tour
– Choose packing plan

• For TSP tour often popular TSP heuristics are used:
– EAX
– 2-OPT

• Packing plan:
– Dynamic Programming
– (1+1) EA / bit flip mutations

University of Adelaide

Bi-level Map-Elites-based Evolutionary Algorithm

29



Map for Quality Diversity TTP Approach

• Map for traveling thief problem
• f* is the cost of optimal TSP tour
• g* is the optimal profit for the knapsack problem

University of Adelaide

Visualising the distribution of 
high-quality TTP solutions
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Figure 1: The representation of an empty map. There are �1 ⇥ �2 cells within the map.

Algorithm 1 The MAP-Elites-Based Evolutionary Algorithm
1: Find the optimal/near-optimal values of the TSP and the KP by algorithms in Nagata and Kobayashi [2013], Toth

[1980], respectively.
2: Generate an empty map and populate it with the initialising procedure.
3: while termination criterion is not met do

4: Generate an offspring and calculate the TSP and the KP scores.
5: if The TSP and the KP scores are within ↵1%, and ↵2% gaps to the optimal values of BD. then

6: Find the corresponding cell to the TSP and the KP scores.
7: if The cell is empty then

8: Store the offspring in the cell.
9: else

10: Compare the offspring and the individual occupying the cell and store the best individual in terms of TTP
score in the cell.

that belong to the TSP and the KP components of the problem. Although solving each sub-problems separately
does not necessarily result in a high-quality TTP solution, a TTP solution should score fairly good in both features
in order to gain high profits. Thus, we focus on solutions within ↵1 and ↵2 percents gap to the optimal TSP value
(f⇤) and the optimal KP value (g⇤), respectively. In this study ↵1 and ↵2 are set to 5 and 20, respectively, based on
initial experimental investigations. Figure 1 depicts an empty map. There are �1 ⇥ �2 cells. Cell (i, j), 1  i  �1,
1  j  �2 contains the best found solution with TSP score in

h
f⇤ + (i� 1)

⇣
↵1f

⇤

�1

⌘
, f⇤ + (i)

⇣
↵1f

⇤

�1

⌘⌘
and KP score

in
h
(1� ↵2)g⇤ + (j � 1)

⇣
↵2g

⇤

�2

⌘
, (1� ↵2)g⇤ + (j)

⇣
↵2g

⇤

�2

⌘⌘
, the corresponding BD. The cell (1, �2) consists of TTP

solutions with TSP and KP values closest to the optimums. We use EAX Nagata and Kobayashi [2013] and dynamic
programming (DP) Toth [1980] to compute f⇤ and g⇤ for the TTP instances, respectively.

Algorithm 1 describes the BMBEA. The initialising procedure and the operators to generate a new TTP solution will
be discussed later. Having generated an empty map, we populate it with an initialising procedure. After generating
offspring, we calculate the TSP score and the KP score of the offspring. If the TSP and the KP scores are within ↵1%
and ↵2% gap of the optimal values, respectively, we find the cell corresponding to those scores; otherwise, the offspring
is discarded. If the corresponding cell is empty, the offspring is kept in the cell; otherwise, we compare the offspring
and the individual in the cell and keep the individual with highest TTP score. We repeat steps 3 to 10 until a termination
criterion is met.

Evolutionary algorithms require some operators to generate new solutions (offspring) from old ones (parents); BMBEA
is no exception. One can see the generating of TTP solutions as a bi-level process. First, new tours can be generated by
mutation or crossovers; then, we can compute a suitable packing list for the new tours to have complete TTP solutions.

3.1 Search Operators for TSP

We consider EAX crossover Nagata and Kobayashi [2013] to generate new TSP tours. EAX is a highly performing TSP
crossover known as one of the state-the-of-the-art operators in solving TSP. EAX has several variants; we incorporate
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[1980], respectively.
2: Generate an empty map and populate it with the initialising procedure.
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4: Generate an offspring and calculate the TSP and the KP scores.
5: if The TSP and the KP scores are within ↵1%, and ↵2% gaps to the optimal values of BD. then

6: Find the corresponding cell to the TSP and the KP scores.
7: if The cell is empty then

8: Store the offspring in the cell.
9: else

10: Compare the offspring and the individual occupying the cell and store the best individual in terms of TTP
score in the cell.

that belong to the TSP and the KP components of the problem. Although solving each sub-problems separately
does not necessarily result in a high-quality TTP solution, a TTP solution should score fairly good in both features
in order to gain high profits. Thus, we focus on solutions within ↵1 and ↵2 percents gap to the optimal TSP value
(f⇤) and the optimal KP value (g⇤), respectively. In this study ↵1 and ↵2 are set to 5 and 20, respectively, based on
initial experimental investigations. Figure 1 depicts an empty map. There are �1 ⇥ �2 cells. Cell (i, j), 1  i  �1,
1  j  �2 contains the best found solution with TSP score in
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solutions with TSP and KP values closest to the optimums. We use EAX Nagata and Kobayashi [2013] and dynamic
programming (DP) Toth [1980] to compute f⇤ and g⇤ for the TTP instances, respectively.

Algorithm 1 describes the BMBEA. The initialising procedure and the operators to generate a new TTP solution will
be discussed later. Having generated an empty map, we populate it with an initialising procedure. After generating
offspring, we calculate the TSP score and the KP score of the offspring. If the TSP and the KP scores are within ↵1%
and ↵2% gap of the optimal values, respectively, we find the cell corresponding to those scores; otherwise, the offspring
is discarded. If the corresponding cell is empty, the offspring is kept in the cell; otherwise, we compare the offspring
and the individual in the cell and keep the individual with highest TTP score. We repeat steps 3 to 10 until a termination
criterion is met.

Evolutionary algorithms require some operators to generate new solutions (offspring) from old ones (parents); BMBEA
is no exception. One can see the generating of TTP solutions as a bi-level process. First, new tours can be generated by
mutation or crossovers; then, we can compute a suitable packing list for the new tours to have complete TTP solutions.

3.1 Search Operators for TSP

We consider EAX crossover Nagata and Kobayashi [2013] to generate new TSP tours. EAX is a highly performing TSP
crossover known as one of the state-the-of-the-art operators in solving TSP. EAX has several variants; we incorporate
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Algorithm 1 The MAP-Elites-Based Evolutionary Algorithm
1: Find the optimal/near-optimal values of the TSP and the KP by algorithms in Nagata and Kobayashi [2013], Toth

[1980], respectively.
2: Generate an empty map and populate it with the initialising procedure.
3: while termination criterion is not met do

4: Generate an offspring and calculate the TSP and the KP scores.
5: if The TSP and the KP scores are within ↵1%, and ↵2% gaps to the optimal values of BD. then

6: Find the corresponding cell to the TSP and the KP scores.
7: if The cell is empty then

8: Store the offspring in the cell.
9: else

10: Compare the offspring and the individual occupying the cell and store the best individual in terms of TTP
score in the cell.

that belong to the TSP and the KP components of the problem. Although solving each sub-problems separately
does not necessarily result in a high-quality TTP solution, a TTP solution should score fairly good in both features
in order to gain high profits. Thus, we focus on solutions within ↵1 and ↵2 percents gap to the optimal TSP value
(f⇤) and the optimal KP value (g⇤), respectively. In this study ↵1 and ↵2 are set to 5 and 20, respectively, based on
initial experimental investigations. Figure 1 depicts an empty map. There are �1 ⇥ �2 cells. Cell (i, j), 1  i  �1,
1  j  �2 contains the best found solution with TSP score in
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solutions with TSP and KP values closest to the optimums. We use EAX Nagata and Kobayashi [2013] and dynamic
programming (DP) Toth [1980] to compute f⇤ and g⇤ for the TTP instances, respectively.

Algorithm 1 describes the BMBEA. The initialising procedure and the operators to generate a new TTP solution will
be discussed later. Having generated an empty map, we populate it with an initialising procedure. After generating
offspring, we calculate the TSP score and the KP score of the offspring. If the TSP and the KP scores are within ↵1%
and ↵2% gap of the optimal values, respectively, we find the cell corresponding to those scores; otherwise, the offspring
is discarded. If the corresponding cell is empty, the offspring is kept in the cell; otherwise, we compare the offspring
and the individual in the cell and keep the individual with highest TTP score. We repeat steps 3 to 10 until a termination
criterion is met.

Evolutionary algorithms require some operators to generate new solutions (offspring) from old ones (parents); BMBEA
is no exception. One can see the generating of TTP solutions as a bi-level process. First, new tours can be generated by
mutation or crossovers; then, we can compute a suitable packing list for the new tours to have complete TTP solutions.

3.1 Search Operators for TSP

We consider EAX crossover Nagata and Kobayashi [2013] to generate new TSP tours. EAX is a highly performing TSP
crossover known as one of the state-the-of-the-art operators in solving TSP. EAX has several variants; we incorporate
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Figure 3: The distribution of TTP solutions of the four competitors over the behaviour space on
instance eil51_n250_bounded-strongly-corr_01 (top), pr152_n453_bounded-strongly-corr_01 (middle), and
a280_n279_bounded-strongly-corr_01 (bottom). The cells are coloured based on the average TTP scores of the
solutions in the cell over ten independent runs.
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Figure 4: The frequency of cells housing a TTP solution over 10 independent runs on on instance eil51_n250_bounded-
strongly-corr_01 (top), pr152_n453_bounded-strongly-corr_01 (middle), and a280_n279_bounded-strongly-corr_01
(bottom).
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Results for EAX based QD Algorithms
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Table 3. Performance of the MAP-Elites-based Approach in Terms of the TTP Score

In. EAX-EA (1) 2-OPT-EA (2) Best-known
Average Stat Best CPU time Average Stat Best CPU time value

19 32625.3 2+ 33092 835 29687.5 1− 30065.8 728 32993.1
20 18975.9 2+ 19188.4 708 17622.2 1− 17803.8 685 19379.7
21 35175.8 2+ 35512.2 696 33456.6 1− 34455.2 674 35015.2
22 642.3 2+ 1137.5 1625 -4337 1− -2693.5 1696 893.4
23 51988.6 2+ 52651.8 1624 48382.8 1− 49830.4 1685 51303.4
24 29201.5 2+ 32072.9 1627 25214.6 1− 25618 1620 28304
25 104549.9 2+ 105434.5 7937 95300.4 1− 96468.9 7975 105908.1
26 71829.9 2+ 73152.8 6914 67954.6 1− 69060.6 7285 72308.7
27 107975.3 2+ 109395.1 6848 104852.4 1− 106735 7091 108236.1
28 258901.5 2+ 260839.7 38669 238212.3 1− 240916 45390 263040.2
29 129168.4 2+ 131072 36670 122606.8 1− 123626.8 39520 131486.2
30 230888.9 2+ 237097.6 32136 225694.2 1− 227466.4 31796 233343

The notations are in line with Table 2.

Table 4. Performance of the MAP-Elites-based Approach on the Unbalanced Instances

In. EAX-EA (1) 2-OPT-EA (2) Best-known
Average Stat Best CPU time Average Stat Best CPU time value

31 -49282 2+ -48622.8 1555 –51704.2 1− –51635 1671 –49149.9
32 -7241 2+ -4855 1549 –10493 1− –9906.8 1709 –7714.6
33 -63137 2+ -61797.3 1560 –66602 1− –63939 1709 –61709.1
34 -24508 2+ -24263.5 1631 –27573 1− –26654 1684 –19215.2

The notations are in line with Table 2.

the 2-OPT. Moreover, the domination is even stronger in 4 other instances of the dsj1000 sub-
group in a way that the best-known values are negative. We investigate the 4 instances separated
from the others due to the dominance of the TSP sub-problem over the KP. It means that the high-
quality TTP solutions are closer to the TSP optimal value and farther away from the KP optimal
values. The current α1 and α2 are set for the balanced instances. Thus, we need to reset α1 and
α2 to populate the map. Based on initial experimental investigations on these instances, we set α1
and α2 to 0.2 and 0.6, respectively. Table 4 summarises the results on the 4 instances. The EAX,
as expected, outperforms the 2-OPT in all four cases. More importantly, the EAX-based algorithm
improved the TTP values for instances 31 and 32 by 1.1 and 37.1, respectively.1 Note that the results
presented in Tables 2–4 are different from the ones presented in the conference version [Nikfarjam
et al. 2022b], which are incorrect due to an implementation mistake.

4.2.2 (µ + 1)EA vs. BMBEA vs. EnBEA. We now compare the BMBEA to (µ + 1)EA and EnBEA
in solving the problem instances. The difference between these algorithms is in survival selection,
where BMBEA selects the next generation based on MAP-Elitism, (µ + 1)EA takes the most elite
solutions, and EnBEA uses an entropy-based survival selection. Table 5 summarises the results of
these algorithms where EAX and DP are considered as the operators. The table shows that the
BMBEA has the highest average in 7 cases out of 18, while the figure is 3 and 6 for (µ + 1)EA and
EnBEA, respectively. The statistical test confirms the BEMBEA outperforms the (µ +1)EA in cases
13 and 16. It also outperforms EnBEA in instances 15, 17 and 18. Comparing (µ + 1)EA and EnBEA
statistically, the first algorithm performs better in the last 3 instances while the latter works better
on instance 5. As one can observe, the EnBEA deteriorates in the last 3 instances, which are the
largest in the set of instances we used for this comparison. One reason could be that as the size of
the instance increases, more AB-cycles can be generated, which affects the convergence pace of

1The TTP solutions can be accessed at https://github.com/NikfarjamAdel/Traveling-Thief-Problem

ACM Trans. Evol. Learn. Optim., Vol. 4, No. 2, Article 12. Publication date: June 2024.
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Motivation
• Time is limited and how we spend our time has a strong 

impact on health and wellbeing.
• Daily activities such as sleeping, sitting, walking/running have 

a strong impact on health outcomes.
• Providing tools that allow people to structure their day to 

achieve health outcomes can be highly beneficial to improve 
the health of the population.

• We provide a tool that shows improvements in health 
outcomes based on daily activities (for children).

Technical Level:
• We provide quality diversity approaches to provide a picture 

on the impact of activities on health outcomes.
• We also show the interactions between different goals when 

allocating times for daily activities.
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Activities and Health Outcomes

• Sleeping (SL)
• Sedentary Activities (SD)
• Light Physical Activities (LP)
• Moderate-to-vigorous Physical Activities (MVPA)
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SL

SD

LP

MVPA

Body Mass Index (BMI)

Cognitive (CG) 

Life Satisfaction (LS)

Predicted maximal aerobic power (VO2)



Activity Optimizer
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Fig. 8. The activity optimiser

the body fat is high, showing that maintaining lower body fat also contributes to better mood in
children. The mean and standard deviation of the best academic solution in the MAP are 90 and
0.16, respectively. Since the mean of psychiatric values in the actual data is 77.1 with a standard
deviation of 14, the solution with a psychiatric value of 90 can be considered very high. Figure
6c shows the MAP where (psychiatric ⇥ academic) and body fat serve as BDs and the objective,
respectively. The �gure indicates that the solutions with decent academic and psychiatric scores
cannot have a higher body fat of 18%. For getting body fat around 20%, we should move towards
lower academic and psychiatric values (around average scores for those objectives).

4 THEWEB APPLICATION
Having the results from Section 3.2.1 enables us to avoid running the algorithm again when people
have a boundary on the activities. We already have the best solutions in di�erent regions of the
search space. Therefore, if some users have some boundaries, we can easily report the best solution
within their selected region. Thus, We designed a web-based application for the 4-D problem.
Figure 8 represents a screenshot from the application. In the application, users can select the
objective function (see the blue frame in 8) and their feasible range for each group of activities
(the red frame in 8). The application provides users with the optimal plan (the purple frame in 8).
It also depicts the MAP associated with the selected ranges and objective function, showing the
solutions in the space. Users can play with the plot, pointing to di�erent solutions in the space

, Vol. 1, No. 1, Article . Publication date: June 2024.

https://arena2024.shinyapps.io/ActivityOptimiser/

https://arena2024.shinyapps.io/ActivityOptimiser/


Behavioral Space based on Decision Variables
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User 
boundaries

• Setting up a behavioral 
space partitioned into 
cells.

• Find best-performing 
solution for each cell.

• User can set their 
boundaries.

• Report the best solution 
within the selected area.
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Generate a map with 
solutions obtained by EA
Repeat these steps:

Find the cell, the solution 
belongs
If the cell is empty, store the 
solution in the cell

If it is occupied, keep the 
solution with higher quality.
Choose two solutions randomly 
and generate a new solution by 
crossover and mutation.
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The second algorithm is an EA, using reproduction tech-
niques to populate the MAP. Algorithm 2 provides an outline
for the EA. The algorithm starts with an initial MAP which
is partially populated. Then, we randomly select two solu-
tions to serve as the parents. After generating an o�spring
individual by crossover, we apply the mutation operator to
the o�spring. Next, we �nd the cell which corresponds with
the o�spring’s BDs. If the cell is empty we store the o�spring
in the cell. Otherwise, we keep the best solution between the
o�spring and the current solution in the cell and then dis-
card the other. We continue these steps until a termination
criterion is met.

The crossover generates o�spring by getting each variable
from one of the two parents uniformly at random. The mu-
tation �rst selects one of the variables uniformly at random,
Then adds ( or subtracts) a random number in {1, , · · · , `}.
In this paper, ` is set to 60 based on some preliminary exper-
iments.

Algorithm 2 The EA algorithm
Require: An initial MAP.
1: while No termination criteria are met do
2: Randomly select 2 solutions to serve as the parents.
3: Generate an o�spring G by the crossover.
4: Apply the mutation operator on the o�spring G .
5: if G is feasible then
6: Find the cell within the MAP where G belongs.
7: if The cell is empty then
8: Store the solution in the empty cell.
9: else if G has a higher quality compared to the so-

lution already occupying the cell then
10: Replace the old solution with G .
11: end if
12: end if
13: end while

3 Experimental Investigation
This section is dedicated to the experimental investigation
of the algorithms’ performances and the examination of the
problems’ search and behavioural spaces. First, we describe
the real-world data source and the motivation behind our
investigation. Second, we study the 4D problem, comparing
the EA-based algorithm to the brute force to have an under-
standing of the quality of solutions we obtain from the EA.
Finally, we solve the 7D problem and scrutinise the results
obtained from the introduced EA. The termination criterion
for the EA is set to 107 �tness evaluation.

3.1 The real-world data source and the problems
Data were from the Australian Child Health CheckPoint [3]
(2015-16, 11-12 year olds, 51 percent male), a cross-sectional
study of children’s time-use behaviour and health outcomes.

Time-use behaviours were measured in two ways: (1) 7-day,
24-hour accelerometry [10] from which average daily min-
utes of sleep, sedentary behaviour, light physical activity and
moderate-to-vigorous physical activity were derived (the 4D
problem); and (2) two 24-hour recalls (Multimedia Activity
Recall for Children and Adolescents [25]) capturing average
daily times spent in 7 behaviours, sleep, screen time, phys-
ical activity, quiet time, passive transport, school-related
activities and domestic and self-care time (the 7D problem).

We considered data from a range of di�erent health-related
measures: Academic performance from nationally adminis-
tered tests (NAPLAN [13], cognition from the NIH Toolbo,
[32], psychological health [31] and life satisfaction [27] from
validated instruments, VO2max (cardiorespiratory �tness)
from cycle ergometry and body mass index (BMI) from
measured height and weight, and body fat measured by
bioimpedance scales. We employed objective functions that
were derived following statistical procedures as shown in
Supplementary Materials 2.

The motivation behind these analyses is to determine the
most optimal durations of the time-use behaviours, consid-
ering that there may be di�erent solutions depending on the
health outcome of interest and that there may be more than
one solution that provides the same bene�ts. This informa-
tion is useful to families and educators seeking to plan chil-
dren’s daily schedules, and for clinicians and policymakers
who make recommendations on daily activities for children.

3.2 The 4D Problem
This section studies the behavioural spaces of the 4D prob-
lem and draws a comparison between the results of the EA
algorithm and brute force. The dimensions include sleeping,
sedentary activities, light physical activities, and moderate
to vigorous physical activities. The objective functions in-
clude BMI, cognitive, life satisfaction and VO2 �tness. All the
objective functions are a maximisation model except BMI
which is the minimisation of the absolute value. Interested
readers are referred to Supplementary Materials 1 and 2 for
more details about objective functions.

3.2.1 The variable-based behavioural space. Figure 3
illustrates the distribution of the elite solutions obtained by
the brute force algorithm (the �rst row) and EA (the second
row) over the variable-based behavioural space for all four
objectives. The optimal BMI value is 6.29 ⇥ 106�7 which
comes from [G1, G2, G3, G4] = [559, 504, 212, 165]. Figure 3a
indicates as we increase time allocations of sedentary and
light physical activities and decrease MVPA, BMI rises. It
also shows that the worst elite BMI comes from the region
around [G1, G2, G3, G4] = [534, 620, 271, 15]. Figure 3e presents
a similar MAP. The best and worst elites obtained by the
EA come from similar regions. Here, the best BMI we get is
7.4 ⇥ 10�5 in this particular run. EA is a random algorithm
and the �gure shows a single run of each algorithm to enable

4



Example Results for BMI
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(a) BMI-brute force (b) Cog-brute force (c) LS-brute force (d) VO2-brute force

(e) BMI-EA (f) Cog-EA (g) LS-EA (h) VO2-EA

Figure 2. The variable-based MAPs

the EA yields very decent results in the ⌫"� ⇥ ⇠>6 space
and life satisfaction objective. It populates 305 cells where
the optimal MAP (Figure 3c) occupies 4 more cells.

4 The 7D Problem
Objectives and the constraint.

4.1 The variable-based Behavioural Space
4.2 The Experimental Investigation for the

variable-based Behavioural Space
4.3 The objective-based Behavioural Space
4.4 The Experimental Investigation for the

objective-based Behavioural Space

5 Conclusion
References
[1] Yue Xie, Aneta Neumann, Ty Stanford, Charlotte Lund Rasmussen,

Dorothea Dumuid, and Frank Neumann. 2022. Evolutionary Time-Use
Optimization for Improving Children’s Health Outcomes. In PPSN (2)
(Lecture Notes in Computer Science, Vol. 13399). Springer, 323–337.
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SD
SL

LP

SD
SL

LP

• We only show results for areas where 
we have enough data to do a reliable 
prediction.

• Figures  shows distribution of solutions 
in the behavioral space according to 
activities sleep, sedentary, light and 
moderate-to-vigorous physical 
activities.

• The two figures are almost identical, 
showing the decent performance of 
the EA.



Higher dimensional Problems

• We have already seen that the EA results match the exact 
brute force results for 4-dimensional problems.

• We now consider problems with 7 input variables where 
we are not able to carry out the brute force approach.

• We want to show how the MAP elites approaches 
performs for theses problems.

• We show projections onto 2-dimensional subspace to 
display our results.

University of Adelaide 41



7D Problem

• Passive transport (PT) 
• School-related (SCH)
• Domestic and self-care 

time (DS)
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SL SC PA QA

Body fat Life satisfactionAcademic 

• Sleep (SL)
• Screen time (SC)
• Physical activities (PA)
• Quiet time (QA)

PT SCH DS



Example Results of Variable-based BS 7D 
(Life Satisfaction)
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LS

Distribution of high-quality LS 
solutions in projected (𝑃𝐴×𝑆𝐶𝐻) 
behavioral space.

• The lower school time, the 
higher LS.

• The best LS solutions 
correspond to moderate 
allocations of PA. 



Example Results of Variable-based BS 7D 
(Academic)
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Figure 5. The representation of the distribution of high-quality solutions over VBS in the 7D problem
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Figure 6. The representation of the distribution of high-quality solutions over OBS in the 7D problem

activities. The highest objective value we get for the MAP is
90.1, where the time-use plan is [567, 1, 196, 145, 435, 24, 72].
The mean (standard deviation) is 90.04(0.05). Figure shows
the MAP minimising the deference of the solutions’ body fat
value and the recommended body fat for 12-year-old chil-
dren (20%). As one can notice from the �gure, we can have
solutions resulting in 20% body fat (or extremely close to
20%) for the entire feasible range of the MAP. In this setting,
we can always get solutions with 20% body fat in all inde-
pendent runs. The second row of Figure 5, where the BS is
de�ned on (physical activities ⇥ sleep), is slightly similar to
the �rst row for the academic objective and body fat. The
most obvious di�erence comes from the psychiatric objec-
tive. Figure 5e illustrates that the algorithm results in high
psychiatric values for almost the entire range of the MAP,
and the best-found solution has a slightly higher psychiatric
value than the solution found in Figure 5b. The objective
value and solution are 90.11 and [567, 1, 215, 147, 414, 24, 72].
Here, the mean (standard deviation) is 90.1(0.01).

3.3.2 The objective-based behavioural space. This sec-
tion studies the BS de�ned on the objective functions. Here,
we alternatively use two objective functions as BDs and the
third one as the �tness function. The ranges of acceptable
maximum values for BDs (objective values) are set based on
the maximum objectives we obtained from the previous ex-
periments, except for body fat, which is set based on the rec-
ommended body fat for 12-year-old children [14.1, 26.4]. The
acceptable ranges for the academic and psychiatric values
are [533.5, 580.39] and [77.1, 90.11], respectively. Moreover,
the minimum acceptable BDs for academic and psychiatric
values are set to the mean of actual data reported in [5].

Figure 6 shows the MAPs obtained from this series of ex-
periments. Figure 6a illustrates the distribution of solution
over (psychiatric ⇥ body fat) BS, where academic function
serves as the �tness function. The �gure shows the algo-
rithm can populate most of the BS except for high body fat
values. The algorithm brings about high-quality solutions
for most of the populated areas except for the region asso-
ciated with both low body fat and psychiatric values. The

7

Distribution of high-quality  solutions 
for academic performance in 
projected (PA×𝑆𝑐ℎ) behavioral space.

• Academic performance clearly 
increases with school time and 
reduces with the amount of 
physical activity.



Example Results of Objective-based BS 7D 
(Body Fat)
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Figure 5. The representation of the distribution of high-quality solutions over VBS in the 7D problem
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Figure 6. The representation of the distribution of high-quality solutions over OBS in the 7D problem

activities. The highest objective value we get for the MAP is
90.1, where the time-use plan is [567, 1, 196, 145, 435, 24, 72].
The mean (standard deviation) is 90.04(0.05). Figure shows
the MAP minimising the deference of the solutions’ body fat
value and the recommended body fat for 12-year-old chil-
dren (20%). As one can notice from the �gure, we can have
solutions resulting in 20% body fat (or extremely close to
20%) for the entire feasible range of the MAP. In this setting,
we can always get solutions with 20% body fat in all inde-
pendent runs. The second row of Figure 5, where the BS is
de�ned on (physical activities ⇥ sleep), is slightly similar to
the �rst row for the academic objective and body fat. The
most obvious di�erence comes from the psychiatric objec-
tive. Figure 5e illustrates that the algorithm results in high
psychiatric values for almost the entire range of the MAP,
and the best-found solution has a slightly higher psychiatric
value than the solution found in Figure 5b. The objective
value and solution are 90.11 and [567, 1, 215, 147, 414, 24, 72].
Here, the mean (standard deviation) is 90.1(0.01).

3.3.2 The objective-based behavioural space. This sec-
tion studies the BS de�ned on the objective functions. Here,
we alternatively use two objective functions as BDs and the
third one as the �tness function. The ranges of acceptable
maximum values for BDs (objective values) are set based on
the maximum objectives we obtained from the previous ex-
periments, except for body fat, which is set based on the rec-
ommended body fat for 12-year-old children [14.1, 26.4]. The
acceptable ranges for the academic and psychiatric values
are [533.5, 580.39] and [77.1, 90.11], respectively. Moreover,
the minimum acceptable BDs for academic and psychiatric
values are set to the mean of actual data reported in [5].

Figure 6 shows the MAPs obtained from this series of ex-
periments. Figure 6a illustrates the distribution of solution
over (psychiatric ⇥ body fat) BS, where academic function
serves as the �tness function. The �gure shows the algo-
rithm can populate most of the BS except for high body fat
values. The algorithm brings about high-quality solutions
for most of the populated areas except for the region asso-
ciated with both low body fat and psychiatric values. The
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Distribution of minimal body fat 
solutions in projected (LS×𝐴𝑐𝑑) 
behavioral space.

• Healthy body fat percentages 
(green) correspond to good life 
satisfaction health scores.

• High body fat scores 
correspond to low life 
satisfaction health scores (and 
low academic performance) LS

LS



Conclusions

• Evolutionary diversity optimization and quality diversity 
approaches have gained increasing attention in evolutionary 
computation.

• They provide highly quality solutions with different structural 
and behavioral properties for a wide range of different 
problems.

Current interest:
• Theoretical understanding and analysis of these approaches.
• Applications of EDO and QD to combinatorial optimization 

problems and interesting real-world applications.
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Thank you!


