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Abstract— xz; (i =1,...,n), find 8 # 0 satisfying (2) for which the cost
Problems requiring accurate determination of parameters from  fynction attains its minimum. Th&aussian model of erroiig

image-based quantities arise often in computer vision. Two recent, 4ata combined with thprinciple of maximum likelihootkads
independently developed frameworks for estimating such param- to the cost function

eters are the FNS scheme of the authors, and the HEIV scheme of
Leedan & Meer. In this paper, it is shown that the two schemes
constitute intimately related but different means of numerically n
solving a common underlying equation characterising the min- J 0: _
imiser. The analysis is driven by the search for a non-degenerate amL(6; 1, Tn) Z
form of a certain generalised eigenvalue problem, and this effec-
tively leads to a new derivation of the HEIV algorithm. This work
may be seen as an extension of the authors’ previous efforts to ra- where, for any lengttk vectory, d,u(y) denotes thé x k
tionalise and inter-relate a spectrum of estimators, including the  matrix of the partial derivatives of the functian— w(x) eval-
[)eori]r?tr nrglzltlﬁﬁgoor} Saerttrec;d of Kanatani and the normalised eight- uated ay, and, foreacti = 1,...,n, A, is ak x k symmetric
o _ - covariance matrixdescribing the uncertainty of the data point
Index Terms— Statistical methods, maximum likelihood, ;. (see [9], [4], [2]). If Jan, is minimised over those non-zero
(un)constrained minimisation, fundamental matrix, epipolar . .
equation parameter vectors for which (2) holds, then the vector at which
the minimum ofJ 5\, is attained, theonstrainedminimiser of
Jamr, defines theapproximated maximum likelihood estimate
I. INTRODUCTION 0 anvin. Theunconstrainedninimiser of Ja g, Obtained by ig-

STIMATION of the parameters that describe a relatior?0ring the ancillary constraint and searching over all of the pa-
E ship between image feature locations across multiple cafAmeter space defines tieeak approximated maximum likeli-
eras is a central problem in computer vision. Basic examples [#20d estimated iy ;.. The functiond — Janir. (65 @1, - .., @)
clude the stereo and motion problems of estimating coefficiehtsnomogeneous of degree zero and the zero setisfunaf-
of the epipolar equatior{6] and thedifferential epipolar equa- fected by multiplication by non-zero scalars, so b®., and
tion [1], and conic fitting [7]. Theorincipal equatiorapplicable &A1 are determined only up to scale.
in a variety of situations, including those specified above, take

0" u(x;)u(x;)T0
0" Opu(x;) Ag, Opu(x:) 6

i=1

SVarious methods are available for findiﬁqML. One is the

the form T heteroscedastic errors-in-variablg$EIV) schemeproposed

6" u(z) = 0. @) by Leedan and Meer [10] and further developed by Matei and
Here® = [6,,...,6,]" is a vector representing unknown paMeer [12], [11]. Another is théundamental numerical scheme
rameters;c = [z1,...,2;]7 is a vector representing an ele{FNS) introduced by the authors [4]. The latter operates over
ment of the data (for example, the locations of a pair of cothe entire parameter space, the former operates essentially on
responding points); and(z) = [ui(x),...,u(x)]” is avec- @ subspace of one dimension less and recuperates the missing

tor with the data transformed in a problem-dependent manriéfension in a single final step. This paper aims to understand
such that: (i) each componeanf(x) is a quadratic form in the the previously unclear relationship between the two schemes.
compound vectofz™, 1], (i) one component is equal tb. It is shown that the algorithms are two different, but intimately
In some cases, the parameters are subject tnailary con- related, means forAnumericaIIy solving one and the same equa-
straint not involving feature locations. A common form of thetion characterisin@’y, ;. In the analysis that follows, FNS is
ancillary constraint is taken as a starting point, and HEIV is evolved via reduction of
a certain generalised eigenvalue problem to a non-degenerate
#(0) = 0. (2) form. This approach effectively results in a new derivation of

o _ ) the HEIV algorithm.

The estimation problem associated with (1) and (2) can be o R _ _
stated as follows: Given a collectiofw,...,x,} of image  Determination off sy is a much more complicated task
dataand a meaningfutost functiorthat characterises the extenthan isolation of@%,,;. Recently, the authors proposed an
to which any particula# fails to satisfy (1) withz replaced by integrated method for calculatirdy g, that extends the FNS

_ _ . technique (in the case of an ancillary constraint of a slightly

e The authors are with the Department of Computer Science, University of _, . Lo . .

Adelaide, SA 5005, Australia. restricted but ubiquitous form) [5]. This work may provide a

o Email: {wojtek, mjb, hengel, dg }@cs.adelaide.edu.au basis for designing a similar extension to the HEIV method.



1) Setf, = /éALS- l) Setf, = b\ALS-

2) Assuming thaB_; is known, compute the 2) Assuming thaBy_; is known, compute the
matrix X, _,. matricesMg, , andNyg, ;.

3) Compute a normalised eigenvector of 3) Compute a normalised eigenvector of the
X, , corresponding to the eigenvalue eigenvalue problem
closest to zero (in absolute value) and take
this eigenvector fof). Mo, £ =ANg, ,§

4) If 6y is sufficiently close t@#;_1, then ter-
minate the procedure; otherwise incremient
and return to Step 2.

corresponding to the eigenvalue closest to 1
and take this eigenvector fé.

4) If 8y is sufficiently close t&,_1, then ter-
minate the procedure; otherwise incremient
and return to Step 2.

Fig. 1. Fundamental numerical scheme.

Fig. 2. Basic HEIV scheme.
Il. FUNDAMENTAL NUMERICAL SCHEME

The unconstrained minimiséxy,,; satisfies thevariational

equationfor unconstrained minimisation I1l. BAsIC HEIV SCHEME
(O Jans, (60: 2)lo _o” 3) A different method for numerically solving (5) was proposed
OSAMLAY, s -+ Tnllo=by,y, — by Leedan and Meer [10] and further extended by Matei and
with g Janr the row vector of the partial derivatives @f nir, Meer [12], [11]. In one formit relies upon re-expressin o
with respect t@. Direct computation shows that as
’ Xg=Mgy— Ny
[69JAML(9;m1,...,.’Bn)}T = 2X90, (4) with
. . . . n Ai
whereXg is anl x [ symmetric matrix given by My = Z - 7
n n T i=1 0 Ble
~ A ~ 0" A0
Xog=> 71— > “_B,, " 0740
~0"B,0 “— (0" B,;0)> No=) ———B
i=1 J i=1 ( 0) 6 ; (HTBZ-B)Q

A; = u(z)u(x;)?, B;=0yu(x;)As, dpu(z;)’.
and restating the variational equation (5) as
Thus (3) can be written as
M0 = N6, (7)

(X 0] = 0. (5)

0=0n11 where the evaluation zﬁXML is dropped for clarity. The ma-
HiCQSMa and N ¢ are non-negative definite (withd 9 generi-
cally positive definite ifr > 1), so@ can be viewed as a solution

of thegeneraliseceigenvalue problem

An algorithm for numerically solving this equation propose
in [4] exploits the fact that a vectd satisfies (5) if and only if
it is a solution of theordinary eigenvalue problem

Xob — AE ©) Mo§ = AN & (8)

corresponding to the eigenvalde= 1. The heteroscedastic

corresponding to the eigenvalie = 0. Thus if 6,1 is  errors-in-variables scheme [10], [12], [11] (see Section VII for a
an approximate solution, then an improved solution can Rgje as to the name) is an algorithm for solving (7) that exploits
obtained by picking a vectof,, from that eigenspace of the above eigenvalue problem in a manner analogous to that in
Xeg, , which most closely approximates the null space fhich FNS utilises the eigenvalue problem (6). The details are
Xo; this eigenspace is, of course, the one correspondingd®en in Figure 2.
the eigenvalue closest to zero in absolute value. The fundaas is easily seen from (12) below, the null space of each
mental numerical scheme [4] implementing this idea is prenatrix B; contains the lengtt vector [0, ...,0,1]7. Con-
sented in Figure 1. The scheme is seeded withaljebraic ~ sequently,IVy is degenerate and solving (8) directly may be
least squaregALS) estimate 0,15, defined as the uncon-fraught with numerical instability problems. One way to get
strained minimiser of the cost functioh1s(8; x1,...,x,) = around this difficulty is to reduce the eigenvector problem (8)
16]|72 7, 87 4,0, with [|0]] = (X\_, 62)!/2. The estimate to a similar problem involving a positive-definitive right-hand

J=1"3 X i s i )
OLs coincides up to scale, with an eigenvectorsof__, A, side matrix. Such reduction is best achieved by reformulating

associated with the smallest eigenvalue, and this can be fodfig variational equation (7). This is described next.

by performlng SmQUIar'Value decomposmon (SVD) of the Ma-17his form of the method differs from the original form and is adopted to

trix [w(zy),...,u(xz,)]|’. provide a convenient framework for subsequent considerations.



IV. REDUCED VARIATIONAL EQUATION we can then rewrite the matricM’n andN’77 as

The vectoru(x) has one entry equal to 1 and can be written n 40
as My =3
u(z) = [z(x)T,1]7, 9) — n B;n
n 0
wherez(x) is a ‘pure measurement’ vector of lendth 1. The N — n"Ain 0
vector of parametem® can be partitioned conformally as K — (nTBn)2 "
0= [nT, a]T (10) revealing their resemblance i ¢ and N 4. The choice of the

weightsg; is largely motivated by the desire to achieve such a
with i a lengthl — 1 vector anda a scalar. We are going toresemblance in the first place. ObviousM’, and N;, both
show that the variational equation (7) is equivalent to a sydepend not only o but also on the data and their covariances.
tem of two equations, one of which involves onfyand can be ~ We now show tha8 = [n”, a|” satisfies (7) if and only if
solved in isolation, and the other expresaés terms of. The the following system of equations holds:
first equation will lead to a desired non-degenerate eigenvalue

/ _ /
problem. Myn = Nyn, (16)
We begin by noting that, in view of (9), a=-z"y. (17)
T 2,27z Note that the first equation constrains solglyand therefore
Ai = u(mi)u(z;)” = [ 2,7 1} (11)  can be solved separately. Ongeds determinedy is readily
prescribed by the second equation. As will become apparent
for eachi = 1,...,n; here, of coursez; is short forz(x;). shortly, the equations decouple as a result of the specific choice
Another consequence of (9) is the identity of the centroidz. Of the two constraints, the first plays a leading
role and will be called theeduced variational equatiorA key
Dpu() = Oz z() feature of this equation is that its right-hand side mafv¥,,
¥ o |’ unlike IV g, is genericallypositive definiteéf n > 1.
o . To show the equivalence of (7) and the system comprising
which implies that, for each=1, ..., n, (16) and (17), first note that, by (10) and (12), for edck
1,....n
0 ) 3 Ty
B, = [ff 8} ) (12) 6" B0 =n" Bin
and further, by (13),
with
BY = 0,2(x) Ag,0pz(x;) 7. Bi = % (18)
i i 6' B0
Foreach = 1,...,n, define a weight
Consequently,
1 n
= 13 Mo =) BiA;. 19
’ nTBjn 43 ’ ; 19
that depends on the data, their covariances, and the param@{gerve nextthat, in view of (12),
vectorn. Let z be the centroid of the; given by 0
No= (3¢ 1] 20)
S Bz oY 0
z=sE17 a4) .
S Bi with . .
) 0 _ Z MBQ.
and, foreachi =1,...,n, let o P 07B,0)2 "
Zi=z;— 2 (15) Now if 8 = [nT, ] satisfies (7), then, in view of (11), (19)
and (20), (7) can be rewritten as
be theith pure measurement vector relativezto Define two . .
(I—1) x (I — 1) matrices ziz" zi| [n] _[Ng 0] [n
Z;@ zT 1| |a] |07 0] [of’
M/n = ZﬂiZQZQTa or equivalently as the system
i=1
~ 2 S T _ 0
N, =Y (8:2Tn)" BY. z;ﬁi(azi +zizi'n) = Ngn, (21)
i=1 =
If we also introduce > Bila+z"n) =0. (22)
AO = z(,z/.T =1

(3 171



On account of (14) and (22),

-7 Yoy Bila+zTm)

a+z' n= =0,

Z?:l Bi

and this immediately yields (17). To show that (16) also holds,

note that, by (9) and (10), for ea¢h=1, ..., n,
u(z)T0 =a+ 2",

and, by (15) and (17),

a+zTn=(z;— 2
Hence

07 A0 = (u(x,)"0)* = (/"n)%.
This together with (18) implies that

T
g = BT
whence immediately
Ng=N,.

With this identity, (21) can be rewritten as

n
Z Bilazi + zizi'm) = ;,77~
i=1

(23)

(24)

On the other hand, taking into account (15), we see that

Zﬁi(azi+ziZiT”7)

i=1

= Z Bizila+zi"n)
i=1

= Z Bi(zh 4+ 2)(a+ 2z;Tm).

i=1

By (22),

Zﬁii(a +2z,n) =2 Zﬁi(a +2;"m) =0,
i=1 i=1

and by (15) and (23),

n n
Z Bizi(a+ 2z ) = Z Bizi(a+ 2"+ z"n)
i=1 i=1

= Zﬂiz,’iz;Tn =M,n.
=1

Combining (25), (26), and (27), we obtain

n
Z Bilazi + zizi'm) = ;,77~
i=1

This jointly with (24) finally yields (16), as desired.
Working backwards, one can easily infer thatifsatisfies

(25)

(26)

(27)

(16) anda is given by (17), the® = [n”', a]7 satisfies (7).

1) Setny =7nuLs-

2) Assuming that,_, is known, compute the
matricesM,, andN,

3) Compute a normalised eigenvector of the
eigenvalue problem

M, C=ANy, ¢

corresponding to the eigenvalue closest to 1
and take this eigenvector foy, .

4) If n,, is sufficiently close tay,_,, then ter-
minate the procedure; otherwise incremient
and return to Step 2.

Fig. 3. Reduced HEIV scheme.

V. REDUCEDHEIV SCHEME

The algebraic least squares estimatgss andaa s are nat-
urally defined as the respective components in the representa-
tion

Oars = [(Mars)” aars]”
Analogously the weak approximate maximum likelihood esti-
matesny,, anda’y,,;, are defined via the decomposition
)T ]T

OIAUML = [(ﬁKML aaXML

In view of (17),a%,;, is uniquely determined bg%,,; : when
the centroick is taken with the weights

1

BN 0 ~
(nXML)TBi NAML 7

b =

Q¥ is given by

~ ~ T~
QamL = —Z NAML-
Now, the generalised eigenvalue problem

M;,cj = )\N’nc, (28)
is non-degenerate: the matrN’n is positive-definite. Accord-
ingly, 7%y, can be determined with use of a simple modifica-
tion of the HEIV algorithm. The steps of thisducedHEIV
scheme are given in Figure 3. It is essentially in this form that
the HEIV algorithm was originally advanced by its inventors
[10], [12], [11], who also proposed a robust procedure for solv-
ing the eigenvalue problem (28) based ugemeralised singu-
lar value decompositio(GSVD) of a pair of matrices.

It is worthy of noting that reduction to a non-degenerate form
of eigenvalue problems similar to (28) is crucial for computing
some other types of estimates, notably Kanatani-like renormal-
isation estimates [3] [9, Chap. 9] (these are approximates of
A}QML of some sort), and ellipse-specific estimates obtainable
with use of the improved version of the direct least-squares fit-
ting algorithm of Fitzgibbon et al. [7], due to Haknd Flusser

[8].



V1. ALTERNATIVE INITIALISATION estimation of epipolar geometry. Here, data was presented in

The HEIV scheme, as described by Leedan and Meer [10]'_ti,'§a form of matched c_orresponding points from_left and right
seeded by an initial estimate which is the solution of the gendages of a stereo pair, and the goal was to estimate the asso-

alised eigenvalue problem ciatedfundamental matrix Details of the various expressions
involved are presented elsewhere [4].
A°¢ =AB%¢ In these experiments, we tested five estimation methods,

which we denote as ALS, FNS, HB, HR, and HEIV. ALS is
the simple, direct algebraic least squares method described in
Section Il. It is included as a method of a different category

corresponding to the smallest eigenvalue, witfidefined as a
component of the minimiser of the function

0 n 0 o to give a sense of scale to the forthcoming numerical results.

(-9, B®) = > 1B = %B°|I2, The FNS, HB, and HR methods were implemented as speci-

i=1 fied in Figures 1, 2 and 3, respectively. These iterative methods

wherer,, ..., 7, are scalars anfl - ||, is the Frobenius norm. were terminated when the difference in norm between succes-

sive estimates was less than a common, very small threshold.
Estimates of the final method, HEIV, were obtained using the
MATLAB source code supplied by the authors of the original
B0 S vBY HEIV papers?

The minimiser(vi, . .., v,, B®) is characterised by the (varia-
tional) equations

S (29) The simulations were based on a set of ‘true’ pairs of corre-
tr(BYBY) sponding points generated by selecting a realistic stereo camera

P = 762 (1<i<n), (30) configuration, randomly choosing many 3D points, and project-

1B71% ing the 3D points onto two image planes. Only those scene

wheretr denotes trace. The above system cannot be solved?Rints were considered that had both projections confined to
closed form, but an approximate solution can be obtained i image size of000 x 1000 pixels.

steps as follows: For each ofN = 5000 iterations, the true corresponding
. assumey; = 1foreachi=1,...,n, points were perturbed by homogeneous Gaussian noise to pro-
« computeB® using (29), duce noisy points. These noisy points were then used to gener-
« recompute the; employing (30), ate a fundamental matrix estimate for each of the five estima-
« recomputeB? using (29). tion methods. For each estimate, the value of IRe;, cost

According to Leedan and Meer, the accuracy of the initid¢"Ction was computed. Comparison was undertaken in this

seed is not crucial, and the HEIV method converges succe®aIM as/aw is the basis for our rationalising and linking of
fully, even when seeded with a random initial estimate. the various iterative methods considered. Note that the rank-2
constraint was not imposed as this would otherwise obfuscate
VIl. ORIGINS OFHEIV comparison (the constraint is usually |mplementeq as a sepa-
h icinal derivati f th lorith ) . rate post-process). In these tests, the level of noise was fixed
The original derivation of the HEIV algorithm, as given ing, . _ 4 o sixels, although similar results were obtained using
[10], [12], [11], is different from the one presented here. In OUifterent noise levels
exposition, the core of HE_IV,.namer |ts_reduced form, result; Figure 4 shows the histograms ofyyy, values associ-
from reformulating the variational equation so that the assog;

ted generalised eigenval roblem becomes non-deaen rt?d with each of the estimators (the average value is given
ated generafised eigenvaiue proble ecomes non-degeneyaie, o top right hand corner of each histogram). In con-

The_origina_l de_rivation_is pased ona (_jir_ect application Of.tk}?ast with the ALS method, the iterative methods generate
m_aX|mum.I|keI|hood pr_mmplg tg a ;tat|st|ca| model operatmgery similar response profiles. Table | compares estimators
W!th candidate probgb|l|ty distributions fc.H(xl)".'”z(X”)' pair-wise by showing both the maximum and average differ-
with the ranij/\(/)? X?ﬂab}li&\’/'“x” Tsdﬁlll:g the |miageftdrz:1ta ences in associateday;, values over the complete set of
L1, Tn- en Iné; have equal varlances ("?15 S OleN a%ials.  The respective top left elements are computed via
sumed), thez(x;) form, as a rule, &eteroscedastiset of ran- the expressionsiax,—1 x |Jawr(@hmry) — Jamw (@ )| and
dom variables, that is having different variances. This explaigsy™ " " = S HEI_?_’h " dALS rat
the term ‘heteroscedastic’ in the name of the HEIV algorithrd~i=1 | JamL (Ougry) — Jamr (Baps) - The results demonstrate

The ‘errors-in-variables’ part of the label alludes to the adoptéq‘?t the metho;je}FNS, TB’ HR, antd HEIIV dlellver:stlmaltgs
statistical model being a so-called errors-in-variables mode/W10S€ associatelan, values are extremely close. AS wou

the scalar components of eaghare not segregated into twobe expected from the earlier theory, the HR and HEIV methods

exclusive groups of explanatory (essentially nhon-random) aRtPVe to be almost numerically identical.
response (random) variables, and are all consistently treated as

random variables.
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