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Abstract

Therenormalisation technique of Kanatani isintendedto iteratively minimisea
cost function of acertain form while avoiding systematic biasinherent in the com-
mon method of minimisation due to Sampson. Within the computer vision com-
munity, the technique has generally proven difficult to absorb. Thiswork presents
an aternative derivation of the technique, and places it in the context of other
approaches. We first show that the minimiser of the cost function must satisfy
a special variational equation. A Newton-like, fundamental numerical schemeis
presented with the property that its theoretical limit coincides with the minimiser.
Standard statistical techniques are then employed to derive afresh several renor-
malisation schemes. The fundamental scheme proves pivotal in the rationalising
of the renormalisation and other schemes, and enables us to show that the renor-
malisation schemes do not have as their theoretical limit the desired minimiser.
The various minimisation schemes are finally subjected to a comparative perfor-
mance analysis under controlled conditions.

Keywords: Statistical methods, surfacefitting, covariance matrix, maximum like-
lihood, renormalisation, conic fititng, fundamental matrix estimation

1 Introduction

Many problems in computer vision are readily formulated as the need to minimise a
cost function with respect to some unknown parameters. Such a cost function will
often involve (known) covariance matrices characterising uncertainty of the data and
will take the form of a sum of quotients of quadratic formsin the parameters. Finding
the values of the parameters that minimise such a cost functionis often difficult.

One approach to minimising a cost function represented as a sum of fractional ex-
pressions is attributed to Sampson. Here, an initial estimate is substituted into the de-
nominators of the cost function, and a minimiser is sought for the now scalar-weighted
numerators. This procedure is then repeated using the newly obtained estimate until



convergence is obtained. It emerges that this approach is biased. Noting this, Kenichi
Kanatani developed a renormalisation method whereby an attempt is made at each it-
eration to undo the biasing effects. Many examples may be found in the literature of
problems benefiting from this approach.

In this work, we carefully analyse the renormalisation concept, and place it in the
context of other approaches. We first specify the general problem form and an as-
sociated cost function to which renormalisation is applicable. We then show that the
cost function minimiser must satisfy a particular variational equation. Interestingly,
we observe that the renormalisation estimate is not a theoretical minimiser of the cost
function, and neither are estimates obtained via some other commonly used methods.
Thisisin contrast to a fundamental numerical scheme that we present.

New derivations are given for Kanatani's first-order and second-order renormali-
sation schemes, and severa variations on the theme are proposed. This serves as a
rationalising of renormalisation, making recourse to various statistical concepts. Ex-
periments are carried out on the benchmark problem of estimating ellipses from syn-
thetic data points and their covariances. The renormalisation schemes are shown to
perform better than more traditional methods in the face of data exhibiting noise that
is anisotropic and inhomogeneous. None of the methods outperforms the relatively
straightforward fundamental numerical scheme.

2 Problem Formulation

A wide class of computer vision problems may be couched in terms of an equation of
theform

6" u(x) = 0. (1)

Here8 = [0y, .. .,0;]" isavector representing unknown parameters; ® = [z1, ..., zz]"

is a vector representing an element of the data (for example, the locations of a pair of
corresponding points); and w(x) = [u1(x), . .., u/(x)]? isavector withthe datatrans-
formed in such a way that: (i) each component is a quadratic form in the compound
vector [=7, 1]7, (i) one component of « () isequal to 1. An ancillary constraint may
also apply that does not involve the data, and this can be expressed as

$(8) =0 )

for some scalar-valued function 1. The estimation problem can now be stated as fol-
lows: Given acollection (x4, ..., ,) of image data, determine & # 0 satisfying (2)
such that (1) holds with = replaced by =; for 1 < i < n. When n > [ and noise is
present, the corresponding system of equationsis overdetermined and as such may fail
to have anon-zero solution. In this situation, we are concerned with finding 8 that best
fits the data in some sense. The form of this vision problem involving (known) co-
variance information was first studied in detail by Kanatani [12], and later by various
others (see, e.g., [4,13,14, 20, 21]).

Conic fitting is one problem of this kind [2, 23]. Two other conformant problems
are estimating the coefficients of the epipolar equation [6], and estimating the coeffi-
cients of the differential epipolar equation [3,22]. Each of these problemsinvolves an



ancillary cubic constraint. The precise way in which these example problems accord
with our problem form is described in a companion work [4].

3 Cost Functions and Estimators

A vast class of techniques for solving our problem rest upon the use of cost functions
measuring the extent to which the data and candidate estimates fail to satisfy (1). If—
for simplicity—one sets aside the ancillary constraint, then, given a cost function J =
J(8;@®1,. .., x,), acorresponding estimate 8 is defined by

J(G):l;n;(l)lj(@;wl,...,wn). 3
Since (1) does not change if 8 is multiplied by anon-zero scalar, itisnatural to demand
that 6 should satisfy (3) together with all the A8, where A isa non-zero scalar. Thisis
guaranteed if J is 8-homogeneous:

J(A8; @y, ... ®,) = J(0;@,,...,2,) forevery non-zeroscalar A.

Henceforth only 8-homogeneous cost functions will be considered. The assignment
of 8 (uniquely defined up to a scalar factor) to 4, . . ., =, will be termed the J-based
estimator of 6.

Once an estimate has been generated by minimising a specific cost function, the
ancillary constraint (if it applies) can further be accommodated via an adjustment pro-
cedure. One possibility isto use a general scheme delivering an ‘optimal correction’
described in [12, Subsec. 9.5.2]. In what followswe shall confine our attention to the
estimation phase that precedes adjustment.

3.1 Algebraic Least Squares Estimator
A straightforward estimator is derived from the cost function

Tas(8; @1, @) = 16]]72> 67 A6,
i=1

where A; = u(x;)u(x;)” and||0]| = (67 +- - -+67)'/?. Here each summand 6" A, 6
is the square of the algebraic distance |87 «(x;)|. Accordingly, the Jar,s-based esti-
mate of 8 istermed the algebraic least squares (AL S) estimate and is denoted Bars. It
is uniquely determined, up to ascalar factor, by an eigenvector of >""_, A; associated
with the smallest eigenvalue [4].

3.2 Approximated Maximum Likelihood Estimator

The ALS estimator treats all data as being equally valuable. When information about
the measurement errorsis available, it is desirable that it be incorporated into the es-
timation process. Here we present an estimator capable of informed weighting. It is



based on the principle of maximum likelihood and draws upon Kanatani’s work on
geometric fitting [12, Chap. 7].

The measurement errors being generally unknowable, we regard the collective data
(®1,...,%,) as a sample value taken on by an aggregate of vector-valued random
variables (xq,...,x,). We assume that the distribution of (x4, ..., x, ) isnot exactly
specified but is an element of a collection {P,, | n € H } of candidate distributions,
with H theset of al (n + 1)-tuplesn = (8;%,,...,%,) suchthatd # 0 and

6" u(®) =" =6"u=,) = 0. (4)

The candidate distributionsare to be such that if adistribution P, isin effect, then each
x; (i = 1,...,n) isanoise-driven, fluctuating quantity around .

We assume that the data come equipped with acollection (A, , ..., A ) of posi-
tive definite k x k covariance matrices. These matrices constitute repositories of prior
information about the uncertainty of the data. We put the A ., in use by assuming that,
for each n € H, P, isthe unique distribution satisfying the following conditions:

o forany:,j =1,...,nwithi # j, therandom vectorsx; and x; (or equivalently,
the noises behind x; and x ;) are stochastically independent;

e foreachi, j = 1,..., n, therandom vector x; has multivariate normal distribu-
tion with mean value vector Z, and covariance matrix A, , that is:

Ex] =%, E[(x; — %) (x, - %)"] = Aa,. (5)

Each distribution 7,, will readily be described in terms of a probability density
function (PDF) (&1,...,&,) — f(&1,...,®,|n). Resorting to the principle of max-
imum likelihood, we give the greatest confidence to that choice of »n for which the
likelihood function 7 — f(®1,...,&, |n) atains a maximum. Using the explicit
form of the PDF's involved, one can show that the maximum likelihood estimateis the
parameter 1,7, a which the cost function

JML(m; @1, .. @) = Z(azZ — EZ»)TA;}(:BZ' - %)
i=1
attains a minimum [4, 12]. Each term in the above summation represents the squared
Mahalanobis distance between #; and ;. Note that the value of 7, remains un-
changed if the covariance matrices are multiplied by a common scalar.

The parameter n = (8;7%,, ..., ®,,) naturdly splitsinto two parts: 71 (n) = 8 and
ma(n) = (#,...,®,). These parts encompass the principal parameters and nuisance
parameters, respectively. We are mostly interested in the 7;-part of 77,7, Which we
call the maximum likelihood estimate of 6 and denote Byr,. It turns out that Oy,
can be identified as the minimiser of a certain cost function which is directly derivable
from Jyr. This cost function does not lend itself to explicit calculation. However, a
tractable approximation [4] can be derived in the form of the function

B - HTu(azi)u(azi)TH

o) = Z HT&,;u(azi)Aml@mu(azi)TH’

i=1

Jamn(0; @1, ...



where dpu(y) = [(Ou;/0x;)(y)]1<i<i1<j<k- If, fOr any k vector y and any k& x k
matrix A, we let

By, A) = dpu(y)Adu(y)’, (6)

and next, foreachi = 1,...,n, let B; = B(z;, As,), then Janmr, can be simply
written as

"L 67 A;0
JAML(H;wl, . ..,:Bn) = Z HTBH

i=1

The Jamr-based estimate of 6 will be called the approximated maximum likelihood
(AML) estimate and will be denoted 6 At

It should be observed that J st can be derived without recourse to principles of
maximum likelihood by, for example, using a gradient weighted approach that also
incorporates covariances. Various terms may therefore be used to describe methods
that aim to minimise a cost function such as Jamr,, athough some of the terms may
not be fully discriminating. Candidate labelsinclude ‘ heteroscedastic regression’ [13],
‘weighted orthogonal regression’ [1,9], and ‘ gradient weighted least squares’ [24].

3.3 Variational Equation

Since B ayr, is a minimiser of Janr, we have that, when 8 = 8y, the following
equation holds:

39JAML(9;:B1,...,;B”) :OT, (7)

Here 09 Jan1, denotesthe row vector of the partial derivatives of J anir, with respect to
6. We term this the variational equation. Direct computation shows that

[89JAML(6; L1,..., azn)]T = 2X99,

where X ¢ is the symmetric matrix

n n

A, 6" A0
Xg = — B;. 8
’ ; 67 B0 ; (67 B.6)’ ®

Thus (7) can be written as
X460 =0. 9

Thisisanon-linear equation and is unlikely to admit solutionsin closed form.

Obvioudly, not every solution of the variational equation is a point at which the
global minimum of Jany, is attained. However, the solution set of the equation pro-
vides a severely restricted family of candidates for the global minimiser. Within this
set, the minimiser is much easier to identify.



4 Numerical schemes

Closed-form solutions of the variational equation may be infeasible, so in practice
6 ar, has to be found numerically. Throughout we shall assume that B, liesclose
t0 Hars. This assumption is to increase the chances that any candidate minimiser ob-
tained viaa numerical method seeded with 8 ALS coincides with [ AML-

4.1 Fundamental Numerical Scheme

A vector 0 satisfies (9) if and only if it falls into the null space of the matrix X 4.
Thus, if 8, _; isatentative guess, then an improved guess can be obtained by picking
avector 6 from that eigenspace of X, _, which most closely approximates the null
space of Xg; this eigenspace is, of course, the one corresponding to the eigenvalue
closest to zero. It can be proved that as soon as the sequence of updates converges,
the limitisasolution of (9) [4]. The fundamental numerical scheme implementing the
above ideais presented in Figure (1). The agorithm can be regarded as a variant of the
Newton-Raphson method.

1. Setf = Bars.
2. Assuming that 8 _; isknown, compute the matrix X, _, .

3. Compute a normalised eigenvector of X4, _, corresponding to
the eigenval ue closest to zero and take this eigenvector for 6.

4. If 9 issufficiently close to 8 _1, then terminate the procedure;
otherwiseincrement & and return to Step 2.

Figure 1: Fundamental numerical scheme.

4.2 Sampson’s Scheme

Let
Mo =) 7 — 10
’ ; 9T B.6 (10)
and let
J/AML(6;€, Lly.eny wn) - GTMgg
be the modification of Jawr,(6; 1, . .., ,) in which the variable 8 in the denomi-

nators of all the contributing fractions is “frozen” at the value €. For simplicity, we
abbreviate J (6, & 21, ..., @,) 10 1 1.(0, €).



Sampson [18] was the first to propose a scheme aiming to minimise a function
involving fractional expressions, such as Janr, (although his cost functions did not
ipcorporate covariance matrices). Sampson’s scheme (SMP) applied to Jan, takes
fars for aninitia guess 8, and given 8, generates an update 8, by minimising
the cost function 8 — J \1.(0, 05—1). Assuming that the sequence {6} converges,
the Sampson estimate is defined as Bsmp = limy_, o, 8. Note that each function
Jimr (8, 8x_1) isquadratic in 8. Finding a minimiser of such a function is straight-
forward. The minimiser 8y, is an eigenvector of Mg, , corresponding to the smallest
eigenvalue; moreover, this eigenvalueisequal to J v, (05, 0k -1), SO

Mg, ,0r = Jiun(Ok, 0k-1)0. (11)

Sampson’s scheme is summarised in Figure (2).

1. Setfy = Bars.
2. Assuming that 6 _; isknown, compute the matrix Mo, . .

3. Compute a normalised eigenvector of Mg, , corresponding to
the smallest (non-negative) eigenvalue and take this eigenvector
for 6.

4. If 9 issufficiently close to 8 _1, then terminate the procedure;
otherwiseincrement & and return to Step 2.

Figure 2: Sampson’s scheme.

A quick glance shows that this scheme differs from the fundamental numerical
scheme only in that it uses matrices of the form M g instead of matrices of the form
X . These two types of matrix are related by the formula X9 = Mg — Eg, where
Eo =37 [(67A;08)/(6" B;68)*]B;. Letting k — oo in(11) and taking into account
the equality J4 1. (8, 8) = Jamw(8), we see that Bgyp satisfies

[Mg — JAML(H)Il]H =0, (12)

where I; isthel x [ identity matrix. We call thisthe Sampson equation. Note that it is
different from the variational equation (9) and that, as a result, &spp iSNOt a genuine
minimiser of J .

5 Renormalisation

The matrices Mg — E¢ and Mg — Jamr(6)I; underlying the variational equation
(9) and the Sampson equation (12) can be viewed as modified or normalised forms
of M. Asfirst realised by Kanatani [12], a different type of modification can be



proposed based on statistical considerations. The requirement is that the modified or
renormalised Mg be unbiased in some sense. Using the renormalised M 4, one can
formulate an equation analogous to both the variational and Sampson equations. This
equation can inturn be used to define an estimate of 6.

Here we rationalise the unbiasing procedure under the condition that noise in an
appropriate statistical model issmall. In the next section, various schemes will be pre-
sented for numerically computing the parameter estimate defined in this procedure. A
later section will be devoted to the derivation of an unbiasing procedure appropriate for
noise that is not necessarily small, and to the devel opment of schemes for numerically
computing the parameter estimate defined in this more general procedure.

5.1 UnbiasingM 4

Regardthegivendata(x 4, . . ., #,) asavauetaken on by therandom vectors(x, ..., x,,)
introduced earlier. Supposethat (x4, . . ., x,,) hasdistribution P,, for somen = (8; %, . . .

Form the following random version of M 4

n

1

M, =) ——A(x;
K ;HTB(EZ»,A%)H (xi)

with ‘true’ value

_ n 1
M :§ e A(T).
"~ 6"B(w;, As,)0 (@)

Inview of (4), A(;)8 = 0, foreachi = 1,...,n,50M,,8 = 0 and further 6 M,,6 =
0. On the other hand, since each rank-one matrix A(x;) is non-negative definite, and
since also each B(%;, A,,) is non-negative definite!, M,, is non-negative definite. As

the A(x;) areindependent, M,, isgenerically positive definite, with E {HTM,,H} > 0.
Thus on average 68" M,,6 does not attain its‘true’ value of zero, and as such is biased.
The bias can be removed by forming the matrix

n 67 A(x;)0 — E {HTA(XZ»)H}
6" B(z;, As,)0

i=1

Theterms E GTA(xZ»)H} can be calculated explicitly. There is a matrix-valued func-
tion (#, A) — D(x, A), to be specified later, such that, foreachi = 1,...,n,

E {HTA(XZ»)H} ~ 0" D(7,;, As,)6. (13)

tAsu(z) = [1,u'(x)T]T, wehave dpu(z) = [0, Iz u'(z)T]T and further
0 o”
B(=, 4) = [0 B(m,A)’] :

Thus B(x, A) is not positive definite, but merely non-negative definite.

T )



The unbiased M,, can be written as

_ A(x) — D(®;, As)
Yo=2 6" B(z;)6 (14)

i=1
The random matrix Y,, isaraw model for obtaining a fully deterministic modification
of Mg.Foreachi =1,...,n,let D; = D(x;, Ag,). Guided by (14), we take

n

A, — D;

Yo ; o750 (15)
for amodified M ¢. Somewhat surprisingly, thischoice turns out not to be satisfactory.
The problem isthat whilethe A; do not change when the A, are multiplied by acom-
mon scalar, the D; do change. A properly designed algorithm employing a modified
M ¢ should give as outcomes values that remain intact when all the A ., are multiplied
by a common scalar. This is especially important if we aim not only to estimate the
parameter, but also to evaluate the goodness of fit. Therefore further change to the
numerators of the fractionsformingY ¢ is necessary.

The dependence of D(x, A) on A is fairly complex. To gain an idea of what
needs to be changed, it is instructive to consider a simplified form of D(xz, A). A
first-order (in some sense) approximation to D(x, A) is, as will be shown shortly, the
matrix B(«, A) defined in (6). The dependence of B(x, A) on A issimple: if A is
multiplied by a scalar, then B(x, A) is multiplied by the same scalar. This suggests

weintroduce acompensating factor Jeom (8; @1, . . ., ®5), OF Jeom (€) inshort, withthe
property that if the A,, are multiplied by a scalar, then J.on, (8) is multiplied by the
inverse of this scalar. With the help of Jeom (68), we can form, foreachi =1,...,n,a
renormalised numerator 87 A8 — J...n(6) 8" B;6 and can next set
- Az - Jcom 0 Bz
YO = Z W(H) = Mg — Jcom(g)Ng, (16)

i=1
where M isgivenin (10) and N ¢ is defined by

n

1
No = Z mBi. (17)
i=1 4

The numerators in (16) are clearly scale invariant. Note that J..m (8) plays a role
similar to that played by the factors (87 A,8) /(6" B,8) in theformulafor X ¢ given
in (8). Indeed, if the A,., are multiplied by A, then so are the B;, and consequently
the (67 A;6)/(6” B;6) are multiplied by A~. The main difference between J..r, (0)
and the (87 A,6) /(8" B;6) isthat these latter fractions change with theindex 7, while
Jeom (@) iscommon for al the numerators involved.

Tofind aproper expression for J.om (6), wetakealook at X ¢ for inspiration. Note
that, on account of (8), 87 X 46 = 0. By analogy, we demand that 87 Y 48 = 0. This
equation together with (16) impliesthat

0" Mol 1
Jcom(g;wla .- ~awn) = o~ — Z (18)
i=1

1 67 A;0
 6'Ngs8 n TB.6

6



Itisobviousthat J..m, (@) thus defined has the property required of acompensating fac-
tor. Moreover, thisform of J..m, (@) isin accordance with the unbiasedness paradigm.
Indeed, if we form the random version of Jcom

1 z”: 6" A(x;)0

( X1 X ) n pot GTB(EZ,A;Bl)G

then, insofar as E {HTA(XZ»)G} — 6" B(%,, A,,)8, wehave, abbreviating Jeom (6; X1, . .

t0 Jeom (6),
E Deom(6)] = 1 (19)

and further

=0.

£ z”: 6" A(x;)0 — Jeom(8)6” B(%;, A,,)0
6" B(z;, As,)0

i=1
We see that Y, given by
"L A(%) = Jeom(8) B(T;, Ag,)
Y, = :
" Z 6" B(z;, As,)0

i=1

is unbiased, which justifiesthe design of Y 4.
Since, inview of (19), J.om(#) isequal to 1 in the mean, the difference between

z”: 6" A;0 — J.on(6)67 B0
i=1 GTBZG
and

n

Z 07 A,0 —60"B,6
6" B,;6

i=1

is blurred on average. Thus the refined renormalisation based on (16) is close in spirit
to our original normalisation based on (15).

5.2 Renormalisation Equation
The renormalisation equation
Y0 =0. (20

is an analogue of the variational and Sampson equations alike. It is not naturally de-
rived from any specific cost function, and, as a result, it is not clear whether it has
any solution at al. A general belief is that in the close vicinity of Bars thereis a
solution and only one. This solution is termed the renormalisation estimate and is de-
noted Orex. Since the renormalisation equation is different from the variationa and

10



Sampson equations, OrEN |sd|:§| nct both from 8 amr, and Bsyip. 1t should be stressed
that the difference between Brgx and 6w, may be unimportant as both these esti-
mates can be regarded as first-order approximations to Hir, and hence are likely to be
statistically equivalent.

In practice, OrEn iS represented as the limit of a sequence of successive approx-
imations to what 8rgx should be. 1f, under favourable conditions, the sequence is
convergent, then the limit is a genuine solution of (20). Various sequences can be taken
to calculate Brpy in thisway. The simplest choice results from mimicking the funda-
mental numerical scheme as follows. Take 8415 to be an initial guess 6. Suppose that
an update 8, _, has already been generated. Form Y, _,, compute an eigenvector of
Yy, _, corresponding to the eigenval ue closest to zero, and take this eigenvector for 8.
If the sequence {6y, } converges, take thelimitfor Oren. Asweshall see shortly, OrEN
thus defined automatically satisfies (20). This recipe for calculating BreN CONstitutes
what we term the renormalisation algorithm.

6 First-Order Renormalisation Schemes
First-order renormalisation is based on the formula
D(x,A) = B(x, A), (21)

as aready pointed out in Subsection 5.1. To justify thisformula, we retain the sequence
of independent random vectors (x4, . .., x,,) aamodel for our data (#1, ..., ®,). We
assume that (x4, . .., x,,) has digtribution P,, for somen = (8;%,,....%,). Wealso
make a fundamental assumption to the effect that the noise driving each x; is small.
For simplicity, denote x; by x, and contract A, to A. Since the noise driving x is
small, we can replace u(x) by the first-order sum in the Taylor expansion about z,
w(E) + Opu(F) (x — F), and next, taking into account that 8 «(Z) = 0, we can write

6" u(x) = 6" 0pu(T)(x — ).
Hence
67 A(x)8 = 6" O,u(T)(x — T)(x — F) Opu(E) 0
and further, inview of (5) and (6),
E [eTA(x)e} = 070, u () Adyu ()" 0
=0"B(%, A6,

which, on account of (13), establishes (21).

With the formula (21) validated, we can safely use Y ¢ in the form given in (16)
(with Jeem given in (18)). The respective renormalisation estimate will be called the
first-order renormalisation estimate and will be denoted Brpn: .

11



6.1 The FORI Scheme

By introducing an appropriate stopping rule, the renormalisation algorithm can readily
be adapted to suit practical calculation. In the case of first-order renormalisation, the
resulting method will be termed the first-order renormalisation scheme, Version I, or
simply the FORI scheme. Itisgivenin Figure (3).

1. Set@y = Oars.

2. Assuming that 85 _; is known, compute the matrix Yo, _, using
(16).

3. Computeanormalised eigenvector of Y, _, corresponding to the
eigenvalue closest to zero and take this eigenvector for 8.

4. If 9, is sufficiently close to 8 _1, then terminate the procedure;
otherwise increment & and return to Step 2.

Figure 3: First-order renormalisation scheme, Version |.

6.2 The FORII Scheme

The FORI scheme can be dightly modified. The resulting first-order renormalisation

scheme, \ersion |1, or the FORII scheme, is effectively one of two schemes proposed

by Kanatani [12, Chap. 12] (the other concerns second-order renormalisation).
Introduce a function

0" Mo
- "N’

Jéom(gag; Liy..., wn)

Abbreviating J/,,,(6,&; @1, ..., @,) 10 J. . (6,€), let

- AZ — Jéom(gag)Bi
YG,& = Z €TB€ = Mﬁ - Jéom(gag)Ng'
i=1 3

Itisimmediately verified that

87Yo0=0 (22)
for each 6 and each £ #£ 0. We also have that
Jiom(0,6) = Jeom(0) (23)
and

ngg = Yg. (24)

12



As previoudly, take BaLs to be an initial guess 6. Suppose that an update 8, has
already been generated. Then

Yo, ,=Yo, ,0,.,=Mop,_, —cs-1Ng,_,, (25)

where i1 = J!,,(6k-1,05-1). Let 8, be anormalised eigenvector of Y4, _, cor-
responding to the smallest eigenvalue . In view of (25), theupdate Yy, is straight-
forwardly generated from the updates Mg, , Ng,, and ¢;. It turns out that, under a
certain approximation, ¢, can be updated directly from ¢ _; rather than by appealing
to the above formula.

We have
HZ(Mgk_l — Ck—lNOk_l)gk = /\k
Substituting 8, for 8 and 8 _; for £ in (22), we obtain

HZ(Mek—1 - J;

com

(0k,0k-1)No,_,)8; = 0.
The last two equationsimply that

Ak

J! _—
6," No,_, 6y

com(aka gk—l) =ck-1+ (26)
Now, assume that J...,(Ok,0k-1) = Jiom(Ok,8%); since both terms are close to
Jeom (81), thisisarealistic assumption. Under thisassumptionwe havecy, = J. ., (0x, %),
and equation (26) becomes

Ak

Ck = Cho1 + —————.
8,"Ng,_, 0y

(27)

This is a formula for successive updating of the ¢;. Defining consecutive Yo, with
the help of Mg, , N, and ¢, asin (25), and proceeding as in the FORI scheme, we

obtain a sequence {6 }. If it converges, we take the corresponding limit for OrEn. It
can be shown that Or 1 thus defined satisfies the renormalisation equation. The first-

order renormalisation scheme, Version Il, or the FORII scheme, based on the above
algorithmis summarised in Figure (4).
6.3 The FORIII Scheme

With the help of the function J/_ ., yet another defining sequence can be constructed.
Take 6,415 for an initial guess 6,. Suppose that an update 6, has aready been
generated. Define @, to be the minimiser of the function8 — J/, (8, 0x_1):

com

o (O, 0k—1) = min J., (6,6,_1).
8+£0
Since

[0 J o (6, 6)]" = 2Z 6,

13



1. SetHo = gALS andco = 0.

2. Assuming that 8;_; and c;_; are known, compute the matrix
Mg, _, —ck-1Ng,_,-

3. Compute anormalised eigenvector of Mg, , —cx_1Ng,_, COI-
responding to the smallest eigenvalue A, and takethis eigenvector
for 8. Then define ¢, by (27).

4. If 9, is sufficiently close to 8 _1, then terminate the procedure;
otherwise increment & and return to Step 2.

Figure 4: First-order renormalisation scheme, Version |1.

where
M. 6" M6 Me—J . (0,6)Ne Yo,
Zog= 7 a7 9 = T =47 ,
6'N:60 (6T N:0) 6" N6 6" N6
it followsthat 8, satisfies
Yo9,.,0=0. (28)

Assuming that the sequence {6y } converges, let OrENT = limg _, o, €%. Then, clearly,
OREN1 satisfies

Y900 =0,

which is an equation eguivalent to (20). Note that in this method Oren isdefined as
thelimit of a sequence of minimisersof cost functions. As such the algorithmissimilar
to Sampson’s algorithm, but the latter, of course, uses different cost functions.

The minimisers 8, can be directly calculated. To see this, rewrite (28) as

Mo, 0=

com

(6,0;_1)No,_,6.

We see that ), is an eigenvector and J..., (@, 8x—1) is acorresponding eigenvalue of
the linear pencil Py_; : pu — Pr_1 (1) defined by

Pi_1(p) = Mg,_, — uNg,_,  (parea number).
If & isany eigenvector of Py _; with eigenvector A
Mg, £ = ANy, &,
then, necessarily, J! .. (&,05-1) = A. Since J._. (6, 0p—1) < J. . (& 60k_1) We

concludethat J/ . (6%, 0x—1) < A. Thus @}, isan eigenvector of P;_, corresponding
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1 Setf, = Bars.
2. Assuming that 8, _ isknown, compute the matrices Mo, _, and Ny, _, .

3. Compute a normalised eigenvector of the eigenvalue problem
Mek—1€ = /’LNgk—1€
corresponding to the smallest eigenvalue and take this eigenvector for 6.

4. If 8, issufficiently closeto 8 _1, then terminate the procedure; otherwise
increment & and return to Step 2.

Figure 5: First-order renormalisation scheme, Version l11.

to the smallest eigenvalue. This observation leads to the first-order renormalisation,
Version |11, or the FORIII scheme, givenin Figure5. The matrices N, _, aresingular,
so the eigenvalue problem for P, _, is degenerate. A way of reducing this problem
to a non-degenerate one, based on the special form of the matrices Mg and Ny, is
presented in [4].

7 Second-Order Renormalisation

Second-order renormalisation rests on knowledge of the exact form of D(x). Here
we first determine this form and next use it to evolve a second-order renormalisation
estimate and various schemes for calculating it.

7.1 CalculatingD(«, A)

Determining the form of D(x, A) is tedious but straightforward. We commence by
introducing some notation.

Let z = [z!,...,z"] be the vector of variables. Append to this vector a unital
component, yielding

Yy = [wTa 1]T = [yla .. 'ayk-l-l]T'

Let u(x) = [ui(x), ..., w(x)]T bethe vector of carriers. Given the special form of
u () asdescribed in Section 2, each u- (z) (v =1, ...,!) can be expressed as

uy () = yTICWy, (29

where K, = [ky o] iSasymmetric (k+1) x (k+ 1) matrix. Inwhat followswe adopt
Einstein’s convention according to which the summation sign for repeated indices is
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omitted. With this convention, equation (29) becomes

Uy (®) = ky apyays. (30)

Let x be a random Gaussian k vector with mean = and covariance matrix A =
[0o5]. Define arandom vector y =[x, 1]. Clearly, y has

y = [ET’ 1]T = [yla - 'ayk-l—l]T

for the mean, and the (& + 1) x (k 4 1) matrix [s.z] defined by

oap 1f1<a, <k,
SqB = .
? 0 otherwise

for the covariance matrix. Let Ay =y — 7. Supposethat 87 = [, .. ., ;] satisfies

0T u(T) = Ok 0p¥alYs = 0. (31)
Since
87 A(x)6 = 8" u(x)u(x)"0 = 0,0, ky, sy w5 yaYpYarypr,
we have
E {HTA(X)G} = 0401 ky 0k 005 E [yaysyarys] -
Now

E [YQY,Bya/yﬁ/] = yay,@ya'yﬁ' + yayﬁsa’,@’ =+ yocyoc’s,@’,@’ + yayﬁ’soﬂﬂ
+ ya@ﬁsaﬁ/ + yﬁyﬁlsaa, =+ ya’yﬁ’saﬁ

By a standard result about moments of the multivariate normal distribution,
E[AyaAysAyaiAys] = sagsarpr + Saa’$8s" + SaprSarg.
Inview of (31),
Oyky,08Ya¥s =0 and Okt arpPiYgr = 0,
and so

040y by 0pky,arp E lyaysyarys] = 040y ky aphy opr (yocyoc’sﬁ'ﬁ' t YalYp Saip
+ ya@ﬁ Sap + ?g?g:smf
+ SapSarp’ T SaarSpp + SapiSarp) -

16



Hence

E {GTA(X)G} = 040y ky apky o (yayafsﬁ’ﬁ’ + YaYpi Salp
+ o TsSas + TsTs Sac (32)
+ Sapsarst + Saarsps + Saprsars) -
Let D, (%, A) = [dy 4] and D»(ZE, A) = [ds ] bethel x [ matrices defined by
diyyr = kyapkyr 0t (GoTarsps + YalYpisarp
+ Yo UpSap + UaUsSaar) (33)
oy = ke apky aipr (SapSarpr + SaarSpsr + SaprSarp) -

With these matrices, (32) can be written as
E {HTA(:B)H} = 67 (D, (%, A) + Do(%, A))6.
Hence
D(xz,A) = Di(x, A) + Ds(x, A), (34)

which isthe desired formula.

7.2 Redefining/.om(0) and Y

We retain the framework of Subsection 5.1, but use the full expressionfor D(, A) in-
stead of thefirst-order approximation. We aim to modify, foreachi = 1, ..., n, thenu-
merator 87 A6 intoatermsimilarto8” A;6—6" D, 6 (recall that D; = D(x;, A,)),
remembering the need for suitable compensation for scale change. The main problem
now isthat D(x, A) does not change equivariantly with A. Under the scale change
A — XA, the two components of D(«x, A) defined in (34) undergo two different
transformations: D1 (%, A) — AD1(x, A) and D»(x, A) — A?Ds(z, A). We adopt
a solution as follows. We introduce a compensating factor Jeom (8; 1, ..., ®y), O
Jeom (@) in short, with the property that if the A .., are multiplied by A, then J.om (0) is
multiplied by A~!. We place thisfactor in front of Dy ; = D+ (w;, A,,), itssquarein
frontof D+ ; = Ds(%;, A,), and form amodified numerator as follows:

07 A;0 — Jeom(0) 87 Dy ;0 — Joom(6)? 67 D5 6. (35)

This numerator is obviously invariant with respect to scale change. In analogy to (17),
we introduce

1 SN |
Nig= Z ———D1;, Nie = Z ———D>; (36)
i= 0" B.6 =1 0" Bi6

and, in analogy to (16), let
YO = MO - Jcom(g) N1,9 - Jcom(g)z N2,9~ (37)
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Demanding again that 8”7 Y 48 = 0, we obtain the following quadratic equation for
Jeom (8):

0" Mob — Joom(8) 0T N1 60 — Joom(0)2 67 N1 08 = 0.

This equation has two solutions

/(67N 168)2 + 467 N6 - 67 M6 — 67N, 66

JE (6) =
com( ) 26TN2796

As M is positive definite, and N 1 ¢ and N, ¢ are non-negative definite, we have
Jom(8) < 0and JE . (8) > 0. Since the compensating factor used in the first-order

renormalisation is non-negative, we take, by analogy, /1, (6) to be a compensating
factor and denoteit by Jeom (6); thus

V(67N 1,66)2 + 467 N2 660 - 67 M6 — 67N, 66
20" N3 06

Jeom(0) = (38)

Multiplying both numerator and denominator of J .om by [(87 N1 06)> + 46" N5 46 -
8" M6)'/* 1 67 N, 46, we see that

20" M6
Jeom(8) = . (39)

V(67N 1,66)2 + 467 N2 668 - 67 Mo + 67N, 66

If 67 N5 66 - 87 M6 issmall compared to (67 IV, 48)?, then we may readily infer
that

607 M6
Teom(8) ~ T

This expression is very similar to formula (18) for J.om(€), which indicates that the
solution adopted is consistent with the first-order renormalisation.

Inserting J.om (€) given in (38) into (37), we obtain a well-defined expression for
Y o. We can now use it to define a renormalisation estimate using the renormalisation
equation (20). We call this estimate the second-order renormalisation estimate and
denoteit gRENZ-

7.3 The SORI Scheme

Mimicking the FORI scheme, we can readily advance a scheme for numerically finding
Oren2. We call thisthe second-order renormalisation scheme, Version |, or the SORI
scheme. Itsstepsare given in Figure (6).
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1. Set @y = Oars.

2. Assuming that 8;_; is known, compute the matrix Y, _, using (37) and
(38).

3. Compute a normalised eigenvector of Y, , corresponding to the eigen-
value closest to zero and take this eigenvector for 6.

4. If 8, issufficiently closeto 8 _1, then terminate the procedure; otherwise
increment & and return to Step 2.

Figure 6: Second-order renormalisation scheme, Version |.

7.4 The SORIlI Scheme

The SORI scheme can be modified in a similar way to that employed with the FORI

scheme. The resulting second-order renormalisation scheme, Version 11, or the SORI|I

scheme, is effectively the second of the two schemes originally proposed by Kanatani.
Introduce

/ V(0T N1 ¢6)2 + 467 N2 067 M6 — 67N, 6
Jeom(0, & @1, ... xn) = :

20" N, 6
(40)
Abbreviating J/,,,(6,&; @1, ..., @,) 10 J. ., (6,€), let
Yo =M~ Jiom(0,8) Nig — [Jiom(0,€)]" Nog. (41)
Itisimmediately verified that equations (22) and (24) hold, as does J com (8) = J.on (6, 6),

the counterpart of (23).
Again, take 51,5 tobeaninitial guess 8. Supposethat an update 8, _; hasalready
been generated. Note that

Yo, 10,0 =Meo, , —ck-1N1g, , —ci_1Nag,_,, (42)
where
ko1 = Jlom(Ok-1,0k5-1). (43)

Let 8, be anormalised eigenvector of Y, _, corresponding to the smallest eigenvalue
Ax. Weintend to find an update ¢, appealing directly to ¢;_ 1. To thisend, observe that

0." (Mo,_, —cx-1N1g,_, — ci_1Nag,_ )0 = Ai. (44)

Substituting 8, for 8 and 8;_; for £ in (22), taking into account (41), assuming

Jom 8k, 85-1) = JLo0(Ok, 8) (as explained anaogously when deriving the FORII
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scheme), and taking into account that, by (43), /.., (0%, 8x) = ci, we obtain
6," (Mg,_, —cxN1g,_, —ciNog, )0 = 0.
Combining this equation with (44) yields
e — (e — cro1)0k N1g,_ 0k — (2 —c2_ )0 Nog,_,0s =0. (45)

Let Acy_1 = cx—cg—1. Takingintoaccountthat c? —ci | = Acgp_1(Acg_1+2ck_1),
we can rewrite (45) as the quadratic constraint on Ac;_; given by

Mo — Ack 10, " Nyg, 05 — Ack_1(Ack_142¢k_1)0r Nog,_ 0, =0. (46)
Let
Dy = [GkTNl,Ok_lgk + 26k-19kTN2,ek_19k]2 + 4060, N2 o,_, 85
Equation (46) has two solutions

Aty VD - 0" N1, 05 —2¢k_ 16" Nag, 6
k—1 =
QGkTNzygk_lgk

N CY)

which arereal when Dy,_1 > 0.

Suppose that D1 > 0. If ¢, were directly defined by (43), it would be non-
negative. It istherefore reasonable to insist that ¢, obtained by updating ¢, aso be
non-negative. Thisrequirement can be met by setting ¢, = 0 and next by ensuring that
Acy_1 > 0foral k. For thisreason, we select Atc,_; tobe Acy_1, obtaining

VDi—1—6,"Nig, 0, — 2,160, Nag, 6y
20" No,_, 0k '

(48)

Cp = Ck—1+

Totreat thecase D1 < 0, wefirst multiply the numerator and denominator of the
fractional expron in (48) by /Dip_1 + HkTlegk_lak + QCk—lngNZ,Ok_lgk,
obtaining

2\
V/Dr_1+ 60" Nig, 0 +2c,_10" Noo,_,0;

Cp = Ck—1+

Next wenotethat if 8, " N1 ¢, _, 8 issmall comparedto 8, Ny o,_, 6, then Dy,_; ~
(HkTlegk_lgk)z, whence
T T T
VDr_1 486" Nig,_,0r+2c-1681" Nag, 0, ~28;," Nig,_,0;

and further
Ak

Cp R Cp—1 + -
6. " Nig,_ .0

This formulais very similar to (27). We use it with the eguality sign instead of the
approximation sign to generate ¢ inthe case Dy, _; < 0.
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In thisway, we arrive at the following update formula:

/Dr-1—60,"Nig, _ 0,—2c,_16,"Nag, 0y .
{%-1 + b kot if Dy—1 >0,
Cr —

ZokTN2,9k_19k (49)

>\k H
Ccr—1+ 79kTN1,9k_19k if Di_1 < 0.

The SORII scheme can now be formulated as in Figure (7).

1. SetHo = gALS andco = 0.

2. Assumingthat 8, _; and ¢ _ are known, computethematrix Yo, _, 0,_,
by using (42).

3. Compute a normalised eigenvector of Y4, _, 6,_, corresponding to the
smallest eigenvalue A, and take this eigenvector for 8. Then define ¢, by
using (49).

4. If 8, issufficiently closeto 8 _1, then terminate the procedure; otherwise
increment & and return to Step 2.

Figure 7: Second-order renormalisation scheme, Version 11.

7.5 The SORIII Scheme

The estimate Orpn- Can be reprAesented as a limit of a sequence of minimisers of
cost functions as follows. Take 8a1,¢ for an initial guess 8,. Suppose that an up-
date 6, has aready been generated. Define 6, to be the minimiser of the function
00— J.  .(0,0:_1):

Lo Ok, 0 _1) = min J. (0,05_1).
040
Assuming that the sequence {6 } converges, takelimy_, o, 6 for Brmxo . It can readily

be shown that Orgn2 thus defined satisfies Y 48 = 0. It dso can be shown that each

Mgk—16 = ‘](/:om(ga Hk—l)Nl,gk—16 + [‘](/:om(ga Hk—l)]2N2,9k—16' (50)

Here 6;, is an eigenvector and J/_ (6%, 05—1) is a corresponding eigenvalue of the
quadratic pencil Py_; : p — Pr_1(u) defined by

Pr_1(p) = Meo,_, — tN1g,_, — #*Nag,_,  (narea number).

Infact, 6, isan eigenvector of P _; corresponding tothe smallest eigenvalue. Thisob-
servation leads to the second-order renormalisation scheme, Version 11, or the SORIII
scheme, given in Figure (8).
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1. Set @y = Oars.

2. Assuming that 8;_; is known, compute the matrices My, _,, N1g,_,
and N2,9k_1 .

3. Compute a normalised eigenvector of the eigenvalue problem
Mo, £ =ANig, £+ N Nag, &
corresponding to the smallest eigenvalue and take this eigenvector for 6.

4. If 8, issufficiently closeto 8 _1, then terminate the procedure; otherwise
increment & and return to Step 2.

Figure 8: Second-order renormalisation scheme, Version ll1.

The eigenvalue problem for a quadratic pencil can readily be reduced to the eigen-
value problem for alinear pencil. Indeed, € and X satisfy

M¢= AN+ NNyt (51)

if and only if there exists ¢’ such that

M —-Ni| €] _ A\ 0 N2 |&

o L [[gl" 7L o]l
in which case, necessarily, ¢ = \¢. The matrices N, and IV, appropriate for the
SORIII scheme are non-negative definite, but not necessarily positive definite. A way
of reducing the problem (51) to a similar problem involving positive definite matrices

M', N'| N isgivenin[4] This method takes advantage of the special form of the
matrices Mg, N19,and Nsg.

8 Experimental Results

The previously derived algorithms were tested on the problem of conic fitting, which
constitutes a classical benchmark problem in the literature[2,5,7, 8,10, 11, 15-19, 23].
Specificaly, the fitting agorithms were applied to contaminated data arising from a
portion of an ellipse.

Synthetic testing is employed here as this enables precise control of the nature of
the data and their associated uncertainties. Results obtained in real world testing, in
applications domains described earlier, are presented in subsequent work.

Our tests proceeded as follows. A randomly oriented ellipse was generated such
that the ratio of its major to minor axes was in the range [2, 3], and its major axis was
approximately 200 pixelsin length. One third of the ellipse’s boundary was chosen as
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the base curve, and thisincluded the point of maximum curvature of the ellipse. A set
of true pointswas then randomly selected from a distribution uniform along the length
of the base curve.

For each of the true points, a covariance matrix was randomly generated (using
a method described below) in accordance with some chosen average level of noise,
o. The true points were then perturbed randomly in accordance with their associated
covariance matrices, yielding the data points. In general, the noise conformed to an
inhomogeneous and anisotropic distribution. Figure 9 shows a large ellipse, some se-
lected true points, a small ellipse for each of these points and the data points. Each
of the smaller ellipses represents a level set of the probability density function used
to generate the datum, and as such captures graphically the nature of the uncertainty
described by its covariance matrix.

/% X @
Jo N g

Figure 9: True ellipse, data, and associated covariance ellipses

The following procedure was adopted for generating covariance matrices associ-
ated with image points, prescribing (anisotropic and inhomogeneous) noise at a given
average level o. The scale o of a particular covariance matrix was first selected from
a uniform distribution in the range [0, 2¢]. (Similar results were obtained using other
distributions about ¢.) Next, a skew parameter 5 was generated from a uniform dis-
tribution between 0 and 0.5. An intermediate covariance matrix was then formed by
setting

r_ B 0
A_oz[o 1_6].

This matrix was then ‘rotated’ by an angle ~ selected from a uniform distribution be-
tween 0 and 27 to generate the final covariance

T
A=0,A'0,
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with

0. — |cos7 —sin7y
77 |siny  cosy |

Let Tr A denotethe trace of the matrix A. Since Tr A = Tr A’ = a and E [o] = o, it
is clear that the above procedure ensuresthat E [Tr A] = o.

With the data points and their associated covariances prepared, each method under
test was then challenged to determine the coefficients of the best fitting conic. (Note,
therefore, that it was not assumed that the conic was an dlipse.) The methods were
supplied with the data points, and if a specific method was able to utilise uncertainty
information, it was also supplied with the data points' covariance matrices. Then es-
timates were generated, and for each of these a measure of the error was computed
using a recipe given below. Testing was repeated many times using newly generated
data points (with the covariance matrices and true data points remaining intact). The
average errors were then displayed for each method.

The error measure employed was as follows. Assume that a particular method
has estimated an ellipse. The error in this estimate was declared to be the sum of the
shortest (Euclidean) distances of each true point from the estimated ellipse. Note that
thismeasure takes advantage of the fact that the underlying true pointsare known. Were
these unknown, an alternative measure might be the sum of the Mahal anobis distances
from the data pointsto the estimated ellipses.

The methods tested were as follows:

e ALS = Algebraic least squares scheme,

¢ SMP = Sampson’s scheme,

o FORI = first-order renormalisation scheme 1,

e FORII = first-order renormalisation scheme 2,

e FORIIlI = first-order renormalisation scheme 3,

e SORI = second-order renormalisation scheme 1,
¢ SORII = second-order renormalisation scheme 2,
e SORIIl = second-order renormalisation scheme 3,
¢ FNS = Fundamental numerical scheme.

Table 1 shows the average error obtained when each method was applied to 500
sets of data points, with ¢ varying from 1 to 10 pixelsin steps of 1. Each set of data
points was obtained by perturbing 60 given (true) points. Figure 10 shows the tabular
datain graphical form. The algebraic least squares method performs worst while some
of the renormalisation schemes and the fundamental numerical scheme perform best.
Sampson’s method is systematically deficient, generating average errors up to 22%
greater than the best methods. The SORI and SORII schemes are similarly deficient;
however, they are best seen as incremental developments leading to SORIII. Findly,
the FORI, FORII, FORIII and SORIII schemes are seen to trail FNS only very dightly.
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AVERAGE SCHEME

NOISE LEVEL ALS SMP FORI FORIlI FORIII SORI SORIlI  SORIII  FNS

1.0 2,710 1.093 1.072 1.072 1.071 1.093  1.093 1.071  1.075
2.0 5.579 2078 1.990 1.987 1.987  2.078  2.078 1.987  1.976
3.0 8.340 3.169 3.077  3.067 3.067  3.169  3.169 3.067  3.049
4.0 11.889 4.515 4.153  4.147 4.147 4513 4514 4147  4.136
5.0 15.091 5.662 5.129  5.092 5.092  5.655  5.661 5.092  5.054
6.0 19.135 7.099 6.128  6.136 6.136  7.091  7.098 6.137  6.102
7.0 22.919 8.103 6.970  6.898 6.898  8.089  8.101 6.898  6.893
8.0 26.036 9.294 8.115  8.037 8.037  9.254  9.288 8.037  7.966
9.0 31.906 10.791 9.036  8.948 8.948 10.748 10.776 8.950  8.827
10.0 34.118 12.403 10.658 10.571 10.571 13.242 12387 10.573 10.485

Table 1: Error results obtained for all methods
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Figure 10: Error results against average noise level depicted graphically. ALS refers
to the algebraic least squares method (with some errors out of range). Group 1 com-
prises SMP, SORI, SORII. Group 2 comprises FORI, FORII, FORIII, SORIII, FNS.
See tabulated results for details.
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9 Conclusion

The statistical approach to parameter estimation problems of Kenichi Kanatani occu-
pies an important place within the computer vision literature. However, a critical com-
ponent of thiswork, the so-called renormalisation method, concerned with minimising
particular cost functions, has proven difficult for the vision community to absorb. Our
major aim in this paper has been to clarify a number of issues relating to this renormal-
isation method.

For a relatively general problem form, encompassing many vision problems, we
first derived a practical cost function for which claims of optimality may be advanced.
We then showed that a Sampson-like method of minimisation generates estimates which
are dtatistically biased. Renormalisation was rationalised as an approach to undoing
this bias, and we generated several novel variations on the theme.

Pivotal in the establishing of aframework for comparing selected iterative minimi-
sation schemes was the devising of what we called the fundamental numerical scheme.
It emerges that this scheme is not only considerably simpler to derive and implement
than its renormalisation-based counterparts, but it also exhibits marginally superior
performance.
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